huvon
NGUYEN HAM, TICH PHAN VA UNG

Trong chuong nay, ching ta sé lam quen voi khai
niém nguyén ham va tich phan. Day la hai khai
niém co ban, rit quan trong cua giai tich, co lién hé
mat thi€t voi khai niém dao ham. Phép tinh tich phan
cho ching ta mot phuong phap téng quat dé tinh
dién tich cia nhung hinh phang va thé tich cua
nhung vat thé c6 hinh dang phuc tap. Phép tinh tich
phan dugc xem la mét trong nhung thanh tuu quan
trong nhét cta toan hoc. ;
Hoc sinh cén rén luyén ki nang tim nguyén ham, tinh
tich phan va biét ap dung tich phan dé tinh dién tich
mot s6 hinh phang va thé tich mot s6 vat thé.
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NGUYEN HAM

Khai niém nguyén ham
Bai todn md ddu. Van t6c cia mot vién dan dugc bin 1én theo phuong thing
ding tai thai diém ¢ 12 v (r) = 160 — 9,8 (m/s) (coi ¢ = 0 12 thdi di€m vién dan

duoc bén 1én). Tinh quing dudng di duoc cla vién dan ké t khi ban 1&n cho
dén thoi diém ¢. -

Goi s(¢) 1a quing dudng di dugc cia vién dan sau khi bin dugc 7 gidy.
Ta d3 biét v(r) = s'(f). Do d6 ta phai tim ham s8 5 = s(¢) thod min diéu kién :

s'(H =160 —9,8¢.
Nhiéu vin dé clia khoa hoc va ki thuat da din t6i bai todn sau day :

Cho ham s6'f xdc dinh trén K, 6 dé K la mot khodng, mét doan hodc mét nia
khoang nao dé. Hay tim ham s6'F sao cho F'(x) = fix) vdi moi x thuéc K.
DINH NGHIA

Cho ham s6 f x4c dinh trén K. Ham s6 F duge goi 12 nguyén ham
cua f tréen K néu F'(x) = f(x) véi moi x thudc K.

CHUY
1) Trong trudng hop K =[a;b], cic ding thic F'(a) = f(a),
F'(b) = f(b) duoc hiéu 1a
fim £R=F@ _ oy tim FR=F® (’2 — g ® _ o).
- x—b” -

x—at X—a

2) Cho hai ham s8 fva F lién tuc trén doan [a; b]. Néu F la nguyén
ham cda f trén khoang (a; b) thi cé thé chimg minh dugc ring
F'(a) = f(a)va F'(b) = f(b), do d6 F ciing la nguyén ham cia f
‘trén doan [a ; b].



Vidul

3
2

a) Ham s§ F(x) = % la nguyén ham cua ham sd f(x) = x° trén R vi
x3 ' 2
3| = x° véimoi x € R.

b) Ham s& F (x) = tanx 1a nguyén ham ctia ham s6 f(x) = trén khoang

0082 X

_r.z vi (tanx)' = ! véi moi x € _r.r
2°2  costx ’ 2°2)

¢) Ham s6 F (x) = %\/x_3 12 nguyén ham cida ham s6 f(x) = Jx trén nia

khoang [0 ; +w0) vi F'(x) = Jx véi moi x € (0;+o0) va ca hai ham s6 fva F
déu hién tuc trén [0 ;+®).

[H1 Cac ham s6 Fy(x) = —2cos2x va Fy(x)=-2cos2x+2 I4 nhing nguyén
ham cta ham sé nao ?

PINH LI 1

Gia st hAm s6 F 12 mOt nguyén ham cua ham s6 f trén K.
Khi d6

a) V6i moi hing s C, ham s§ y = F(x) + C ciing 1a mot
nguyén ham cla f trén K.

b) Nguoc lai, vdi mbi nguyén ham G cua f trén K thi t6n tai
mot hing s6 C sao cho G (x) = F (x) + C v6i moi x thude K.

Chimg minh

a)GlastG(x)=F(x)+C.Khidd G'(x) = F'(x) =f(x).

by Dat Hx) =G(x)-F(x),tacd H'(x) =G'(x) —F'(x) = f(x) —f(x) =0 véi
moi x € K. Vay H 12 ham s6 khong déi trén K, tdc 1a H(x) = C v6i C 1A mot
hing s6. Suy raG (x) = F(x) + C véimoi x € K. a

137



Vi du 2. Tim nguyén hdm F cta ham s& f(x) = 3x* trén R thod mén diéu
kién F(1) =—1.

Giadi. Dé thidy y = X la mot nguyén ham cua ham s6 f(x) = 3x> nén nguyén
ham F cdn tim ¢é dang F(x) = x° + C.

ViF(1)=-1nén & +C=-1,suyraC=-2. Vay F(x) = -2

o Tir dinh Ii 1 ta thdy néu F 1a mdt nguyén ham cia f trén K thi mgi nguyén

ham cta ftrén K déu c6dang F(x)+C v6i C e R. Vay F(x)+C, C e R

la ho tat ca cdc nguyén ham cua f trén K.
Ho tat cd cdc nguyén ham ciia f trén K dwoc ki hiéu 1a [f(x)dx . Vay
[f(ode = F(x)+ C,C e R.

Ngudi ta ciing dung ki hiéu I f(x)dx dé chi mot nguyén ham bat ki clia f.
Vay
(Jreoa) = £
(Vé ki hiéu I f(x)dx xem bai Em c6 biét : "Ngubdn géc cua ki hiéu nguyén
ham va tich phan" tr. 157).

e Ngudi ta di ching minh dugc rang : Moi ham s6 lién tuc trén K déu cé
nguyén ham trén K.

e Tir day, trong cac bai todn v€ nguyén ham cha mot ham s6, n&u khong néi gi

thém, ta ludn gia thi€t ring ham s& dé 1a lién tuc va nguyén ham cua né duogc
xét tréen méi khoang (nira khoang, doan) xédc dinh cua ham sé dé.

2. Nguyén ham cia moét s6 ham sé thuong gap

Bai todn tim nguyén ham 1a bai todn ngugce véi bai todn tim dao ham. Viéc
tim nguyén ham ctia mot ham s@ thudng dugc dua vé tim nguyén hiam cla céc
ham s6 don gian hon. Sau day la nguyén ham ctia mét s6 ham s6 don gian
thudng gap.
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1 dexzc : jdx= jldx=x+c;
o+l

o _x
D frear-

+C (a #-1);
3) de =Inld +C ;

4) Vi k 12 hang s khac 0

a)jsinkxdx=—°"5'“ +C:
k
b) jcoskxdx=smkx+c;
k
kx ek.x
c) Je dx=—E—+C;
d) J‘a*‘dx=l‘:a+C(0<a¢1);
1
5)a)j —dx =tanx +C;
COS X
b) j_lz dx = —cotx + C.

sin- x

Ta dé dang chimg minh c4c cong thifc trén bing cich tinh dao ham vé& phai.
sin kx

Chang han, vi ( ] = coskx nén ta c6 cong thiic 4) b).
Vidu 3

a) J4x4dx = %xs + C

3

1 2

b) J\/;dx=Ix2dx=f +C=%+C=%\/x_3+C.
2

. X
sin—
X 2 A X
c) J‘coszdx— —251n2 +C.

N —
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@ Tim a) J‘%dx ; b} |sin2xdx.
X

Mot s6 tinh chét co ban cua nguyén ham

DINH Li 2

Néu f, g 1a hai ham s6 lién tuc trén K thi
a) Jlf(o) +e0ldr = [fode+ [gdx;
b) V&1 moi s6 thuc £ # 0 tacod

[ifCode = k [ dx.

Chimg minh. a) Ta cin ching t6 ring v€ phai 1a mot nguyén ham cia f + g.
That vay ta cé

(f£eode+ fende) = [feode)+ ( faiae) = £ + 2.
b) Chiing minh tuong tu. O

Dua vao nguyén ham ctia cic ham s6 thuong gap va van dung hai dinh K trén
ta 6 thé tinh duge nguyén ham clia nhiéu ham s6 khic.

Vidu 4. Tim

@jﬁ%+%ﬂm;

b) kx—lXx4+3xﬂu;
o) [sin®xdx.

Gidi

0[5 gJee e [

] 1
=%Ix2dx+2jx 2dxz1 +4x? +C

3”
=%\/x_3+4\/}+c.

Niu



b) Jex - (x* +3x)dx = I(x5 —x* +3x% — 3x)dx

= jx5dx— x*de + I3x2dx~ I3xdx

2
. Khéng dinh sau ding hay sai ?

Néu (9= (1= Vx) thi [f(x)dx = —Jx +C.

= _—'?‘FI ‘-‘—2"“' C
.2 1 —cos2x _l _l _i_sin2x
<) Ism xdx—J > dx—2 dx 2Jcos2xdx—2 n +C.
[H3] 7m
a) j(x3 +2x2 —-4)dx ; ) b) cos? xdx.
Gau hol va bai tap
. Tim nguyén ham cda cdc ham s6 sau :
a) f(x)=3x2+%; b) f(x) = 26— Sx +7;
1 ) i = 2x
) f=—F-x -3 dfx)y=x3; e) f(x)=10"".
X
. Tim
2) [(x + ¥nydr ; b) j%‘/zdx :
X
c) j4sin2xdx ; d) Imdx
b 2 "
. Chon khéng dinh diing trong c4c khéng dinh du6i day :
Nguyén ham cia ham s8 y = xsinx la
(A) X2 sin£+C ; (B) —xcosx+C ; (C) —xcosx +sinx + C.
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2 MOT SO PHUONG PHAP TiM

NGUYEN HAM

1. Phuong phap ddi bién so
Co s cha phuong phap d8i bign s6 1a dinh 1i sau day.

DINH LI 1

Cho ham s6 u = u(x) ¢6 dao ham lién tuc trén K va ham s6 y = fu)
lién tuc sao cho f[u(x)] xdc dinh trén K. Khi d6 néu Fla mot

nguyén ham cia f, tic la jf(u)du = F(u) + C thi

[Fluone o ds = Fluo] + C. (1)

Chiing minh
Theo quy tic tinh dao ham cla ham s6 hop, ta ¢6
(Flu(x)] + €)' = F'[u(x)|u'(x) = fu(x)]u'(x).
Vay ta cé (1). O
CHUY
Trong thuc hanh, ta thudng viét ti‘t Flu()] 1a F(u), flu(x)] 1a flu)
va coi du 1a vi phan cia ham s6 u = u(x) (nghia 12 du = du(x) = u'(x)dx).
Khi dé, cong thic (1) duge viét nhu sau :
[Fluo]u'(odx = (f[wx)]dutx) = [fu)du
= F(u) + C = Flu(x)] + C. (2)
Ta n6i da thuc hién phép d6i bién u = u(x).

Vidy L Tim {2x +1)*dx.
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Gidi. Tacé (2x + )*dx = ~12—(Zx + D4 (2x + 1)'dx = %(2x +1*dRx + D).
Dat u = u(x) = 2x + 1. Ap dung cong thic (2), ta c6
4. ol 4 L O
I(2x+1) dx = _[5(2x+1) d2x +1) = J'Eu du —-2—Iu du
11
2'5

[H1] Tim jzx(x2+1)3dx.

Vidu2. Tlmj
\/x +4

Giai. Tacé

5 _ 1 5
+C—10(2x+1) + C.

2 : _1
Zxdx (74D =(x? + 4) 3d(x? + 4).
%/x2 +4 §/x2 +4

bat u = Xt + 4, Ap dung cong thiic (2), ta cé
1

1 __
J%P— = j(x2 +4) 3G+ 4) = [u > du

2

2
g 3 +C——(x +4)3 +C.
Vidu 3. Tim |cos (7x+ 5)dx.
Gidi. Tacd
cos(7x + S)dx = -1-cos(7x + 5)(7x + 5)'dx = 7cos(7x + 5)d(7x + 5).

bat u = 7x + 5. Cong thic (2) cho ta
Icos(7x +5)dx = J%cos(7x +35)d(7x+5) = J%cosudu

= %sinu +C = %sin(7x +5+C.

Vidu 4. Tim J'eSiM cos x dx.
Giai. Ta cd
eSP¥ cos xdx = €8 *d(sin x).
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bat u = sinx. Coéng thic (2) cho ta
Iesmx cos xdx = Iesmx d(sinx) = J-e“ du =e* +C= "™ 4+ (.

[H2| Tim Ixel+x2 dx.

Phuong phap ldy nguyén ham tirng phan
Co 50 cia phuong phdp 14y nguyén ham timg phén la dinh If sau day.

DINH Li 2

Néu i, v 1a hai ham s6 ¢6 dao ham lién tuc trén K thi
ju(x)v‘(x)dx = u(xX)v(x) — Iv(x)u'(x) dx.

Céng thic trén goi 1 cong thiic Idy nguyén ham timg phdn (goi tat 13 cong
thitc nguyén ham ting phan) va dugce viét gon dudi dang

Iudv =uv — J'vdu.

Chimg minh
Ta cdn ching t6 v& phai 12 mét nguyén ham cha uv'. That vay
(u(x)v(x) - _[v(x)u '(x)dx)' = u(x)v'(x) + vQu'(x) — “v(x)u'(x)dx]'
= u(xW'(x) + v(x)u'(x) — v(x)u'(x) = u(x)v'(x). O
Vidu S. Tim Ix cos x dx.
Gidi
bit u(x) = x, v'(x) = cosx. Khi d6 ¥'(x) = 1, v(x) = sinx (chi cin 14y mot
nguyén ham cia v'). Theo cong thic nguyén ham timg phan, ta ¢

Ixcbsxdx =X sinx — Isinxdx = x sinx + cosx + C.
Vi du 6. Tim nguyén ham cia ham s6 y = In x.
Gidi
bat u = u(x) =Inx, dv =dx. Khi d6 du = %dx‘ v = v(x) = x. Theo cong
thic nguyén ham ting phén, ta c6

Ilnxdx = xIlnx — J‘x.%clx = xlnx - Id.x =xlnx —x+C.



@ Tim nguyén ham cda ham sé f(x) = §c2x .

(Huong dan. Dat u(x) = g v(x) = e2%).

Cau hoi va bal 1ap
5. Dung phuong phap déi bién s6, tim nguyén ham clia cdc ham s6 sau :
a)f(x)= 0%’ (Huong ddan. D4t u = 1 - x3):
N . .
1

b) f(x) = N (Huong dan. Dt u = 5x + 4) ;

Of@=x¥1-x*  (Huongddn.Datu=1-x%);

1 .
d) f(x) = ————— (Hudng ddn. Pat u =1+ Jx ).
\/;(1 + x/;)2
6. Dung phuong phdp ldy nguyén ham titng phén, tim nguyén ham cia cic ham
s6 sau :
a)f(x)= xsin% ; b) f(x) = x% cosx ;
o) f(x)= xe¥; d) f(x) = x> In(2x).

Luyén tap

Tim nguyén ham cta cac ham s6 sau :

7. a)f(x)=3xV7 - 3x% ; b) f(x) = cos(3x + 4) ;
c)f(x) = _21__ ; d)f(x) = si_ns i COSﬁ'
cos (3x + 2) 3 3
3y 1.1 1
8. a)f(x)=x* [%8__1] ; b) f(x) = ?sin}-cos; .
O f(x)y = xe*; d)f() = eV3*9.
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9. a)f(x)= ¥ cos2x ; b) f(x) = \/;1111';

¢) f(x) = sin® xcosx ; d) f(x) = xcos(x?).

N 3 TICH PHAN

1. Hai bai toan d4an dén khai niém tich phan

a) Dién tich hinh thang cong

Cho ham s6 y = f(x) lién tuc va lay gid tri duong
trén doan [a ; b]. Hinh phing gi6i han boi d6 thi
ham s6 y = f(x), truc hoanh va hai dudng théng
x = a, x = b dugc goi 1a hinh thang cong (phén t6
dam trong hinh 3.1).

Bai toan dat ra 1a tim coéng thitc tinh dién tich
ctia hinh thang cong. Aok 3

Bai todn 1
Cho hinh thang cong giéi han boi dé thi ham s6 y = f(x), truc hoanh va hai
dudng thang x = a, x = b (a < b). Gia st f 1a hAm s lién tuc, déng bién va

nhan gia tri duong trén doan [a ; b]. Chiing minh ring dién tich S cta hinh
thang cong dé la

S = F(b) - F(a)
trong d6 F 1a mot nguyén ham bat ki cta f trén doan [a ; b].
Chitng minh
Ki hiéu S(x) (a £ x < b) 1a dién tich hinh thang cong giéi han boi d6 thi
ham s6 y = f(x), truc hoanh, dudng thing x = a va dudng thing di qua

diém x trén truc hoanh va vuéng géc véi truc hoanh (h.3.2). Nhu vay, ta c6
mot ham s6 y = S(x) xdc dinh trén doan [a ; b].
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Trude hét, ta chimg minh y = S(x) 1a mot nguyén ham ctia ham s6 y = f(x)
trén doan [a ; b]. That vay, gia sit x, 12 mot diém tuy ¥ c6 dinh thuoc khoang
(a ; b). Xét diém x e (xy;b]. Khi d6 S(x) — S(x,) 1a dién tich hinh thang
cong MNEQ (h.3.3).

vA
fas

Hinh 3.2 Hinh 3.3

Do f 1a ham déng bién nén hinh thang cong MNEQ nam trong hinh chit nhat
MNEF va chita hinh chit nhat MNPQ. Vay

Sunpo < Suneo < SMNEF

tic 1a . Fx)x = xp) < S(x) — 8(xg) < f(x)(x = xp),
suy ra Flagy < 22000 Ly M
Vi lim f(x) = f(xy) nén tir (1) ngudi ta chimg minh dugc
XX
tim XC023C0) iy
:—-ua =7
Tuong tu véi x € [a; Xp), tacling c6 lim_w = f(xp):
XX _
. S(x)-8 ;
vay tim 20 2300) _ g0y hay §'Gxg) = £x)
x5 X = X

Vi x, la tuy ¥ thudc (a:b), nén suy ra S'(x) = f(x) v6i moi x € (a;b).
Tuong tu, ta ¢6 : S'(a)= f(a),S'(b)= f(b). Vay ham s6 y = S(x) 1&a mot
nguyén ham cta f trén doan [a ; b]. Thanh thir ton tai hing s6 C sao cho
S(x) = F(x) +C.

147



2.

148

Dé thdy S = S(b) — S(a).
Do d6 S = S(b) — S(a) = (F(b) + C) — (F(a) + C) = F(b) - F(a). O

[E Tinh dién tich hinh thang cong gi6i han bdi d6 thi ham s6 y = x*, truc hoanh
va hai dudng thdngx =1, x=2.

b) Quang duong di duge caa mét vat
Baitodn2
Gia sir mot vat chuyén dong ¢6 vén t6c thay déi theo thoi gian, v =£7) (0 <t < T).
Ching minh ring quing dudng L vat di duge trong khodng thdi gian tir thoi
diémi=g dénthoidiém t=b(0<a<b<T) i

L= F(b) - F(a),
trong d6 F 1a mot nguyén ham bat ki caa f trén khoang (0 ; 7).
Chimg minh
Goi s = s(¢) 1a quing dudng di duge clia vat cho dén thdi diém . Quing dudng
vat di dugc trong khodng thai gian tir thoi di€m ¢ = @ dén thoi diém ¢ = b 12
L = s(b) — s(a). Mat khic, ta da biét s'(z) = f(1), do 36 s = s(¢) 1a mot nguyén
ham cta f. Thanh thi, t6n tai hing s6 C sao cho s(#) = F(f) + C. Vay

L = s(b) —s(a) = [F(b) + C] —[F(a) + C] = F(b) —F(a). a

Khai niém tich phan

Trong khoa hoc va ki thuat, ¢6 nhiéu dai luong quan trong duoc biéu thi bing
hiéu F(b) — F(a) trong d6 F 1a mot nguyén ham ctia ham s6 f nao dé. '

DINH NGHIA

Cho ham s6 f lién tuc trén K va @, b 12 hai s6 bat ki thudc K. Néu
F1a mot nguyén ham ctia f trén X thi hiéu s8

F(b) — F(a)
dugc goi 1a tich phan caa f tir a dén b va ki hiéu 1a

b
[reodx.




b
Trong truong hop a < b | ta goi I f(x)dx 1a tich phdn cua f trén doan [a ; b).

a

b

Ii-lil Chimg minh réng I f(x)dx 1a mot s6 khéng phu thube vao viéc chon nguyén
a

ham F nao trong ho céc nguyén ham cdaf.

b
Ngudi ta con ding ki hiéu F (x)ia A€ chi hiéu s8 F(b) — F(a). Nhu vay néu
F 12 mot nguyén ham cua f trén K thi

b
freoar = Feol, -

Vi I f(x)dx 1a mét nguyén ham bat ki cua f nén ta co

b

?ﬂnm=(ﬂumﬁ.

a

Nguoi ta goi hai s8 a, b 12 hai cdn tich phdn, s6 a 1a cdn dudi, s6 b 12 cdn trén,
fla ham s6" dwoi ddu tich phdn, f(x)dx 14 biéu thizc duci ddu tich phdn va x la
bién s6'ldy tich phdn.
CHUY
D@i véi bign s6 14y tich phan, ta c6 thé chon bat ki mot chi khac
thay cho x. Chéng han, néu sitr dung chit ¢, chit u,... [Am bién s6 14y
tich phan thi

b b
[f0de, [f)du, ... déutamot s6 va s6 d6 bing F(b) - F(a).

1 5 5
Vidu 1. I—dx = (ln|x|)| =In5-In3=1In=;
X 3 3

3

4 2 4

\](x+l]dx= {x—+lnlx|]l =6+In2. a
5 X 2 2
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Vi dinh nghia tich phan, bai todn 1 c6 thé phat bi€u lai nhu sau :

Cho ham s6 y = f{x) lién tuc, d6ng bi€n va nhan gid tri duong trén doan [a ; b].

Khi dé dién tich S caa hinh thang cong gii han bai dé thi ham s6 y = f(x), truc
b

hoanh va hai dubng thing x=a,x=bR §= [f(x)dx.

a

Tdéng quét, ngudi ta chitng minh durgc

DINH LI 1

Cho ham s& y = f(x) lién tuc, khéng 4m trén doan [a ; b]. Khi
d6 dién tich S cua hinh thang cong giGi han bai d6 thi ham s6
y = f(x), truc hoanh va hai dudng thing x =a, x=b 1a

b
= foodx

[H3] Mot vat chuyén deng vai vén téc thay déi theo thasi gian v = f(t). Chiing minh

réng quang dudng ma vét di duoc trong khoang thoi gian tir thoi diém a dén thoi
b
diém b fa J'f(t)dt

a

Vi du 2. Mot 6t6 dang chay véi van téc 20m/s thi ngudi 14i dap phanh (con

noéi la "thiang"). Sau khi dap phanh, 6t6 chuyén dong cham dén déu véi van t6¢
(1) = —40r + 20 (m/s), trong d6 ¢ 12 khoang thoi gian tinh bing gidy ké tir ldc
bit d4u dap phanh. Héi tit lic dap phanh dén khi dimg hén, 616 con di chuyén
bao nhiéu mét ? '

Giai. Ldy m6c thai gian 12 hic 6t6 bét ddu duge phanh. Goi T 12 thoi diém 616
dimg. Ta cé w(T) = 0 suy ra 20 = 40T hay T = 0,5. Nhu vay, khoang thoi gian tir
lic dap phanh dén khi dimg han ctia 6t6 12 0,5 gidy. Trong khoing thai gian 0,5
gidy dé, 6t di chuyén dugc quang dudmg 13

0,5
L= {(0-40ndr = 20r - 20%) g‘s = 5 (m).
0
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3. Tinh chat cua tich phan
Cac tinh chdt co ban cla tich phan duoc phét bi€u trong dinh )i sau day.

DINH Li 2

Gia s cac ham s6 f, g lign tuc trén K va a, b, ¢ 13 ba s§ bat
ki thuoe K. Khi d6 ta c6

)] ‘]'f(x)dx =0;
b a
2) [fodx = - [f(dx ;
7 h
b ¢ ¢
3 [fode+ [fdx = [foodx;
a b a

b b b
4) [l + g(nldx = [F(ode + [eodx ;

b b
5) Jkf(xydx = kj'f(x)dx v6i k e R.

Chimg minh. Ta chimg minh cic tinh chat 3) va 4).
Gia su F 1a mot nguyén ham cua f.
3) Tacd '

[feyde + [fdx = Fb) - F(a) + F(c) - F(b)

a b

= F(c) - Fla) = [f(x)dx.

4) Ap dung dinh If 2 cta §1 ta cé
b \b
Jireo + gonar = ([[1 + gelae)f” = ([reoar), +(facon)

= jf(x)dx + Ig(x)dx‘ (]
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Hay chiing minh céc tinh chét 1), 2) va 5).

3 3
Vi du 3. Cho jf(x)dx =2 va [g(x)dx=3.
1 1
Hay tinh
3 3
[3£00) - g01dx va (5 - 4f(x))dx.
1 1
Gidi
3 3 3
J37(0 - g(0))dx =3[ f(0dx - Jgdx =3.-2)-3=-9.
1 1 1
3 3 3
j'[s —4f(0)ldx =5 [dx - 4 [f(x)dx =52 —4(-2) = 18.

1 1 1

IE] Tim b néu biét rdng

b
j(zx-4)dx =0.
0

Cau hol va bal tap

10. Khong tim nguyén ham, hay tinh céc tich phan sau :
4[f ) : Thela c)3[ 9 — x* dx
a).J;2+3dx, | b)—_[lx ; ) :
Hudng ddn. Ap dung dinh 1 1.

2 5 5
1L Cho biét [f(x)dx =—4, [f(x)dx =6, [g(x)dx = 8. Hay tinh
1 1 1
5 2
a) [fodx ; b) [3ftxdx ;
2 |
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5 5
o) [IF(x) - g(x)dx ; d) Jl4fx) - g(x)ldx.
] 1
3 4 4
12, Cho biét [f(z)dz =3, [f(x)dx =7. Hay tinh (fyar.
0 0 3
b
13. a) Ching minh ring néu f(x) > 0 trén (a5 b] thi [f(x)dr 2 0.

b b
b) Chiing minh ring né f(x) = g(x) trén a; b} thi [f(x)dx > [g(x)dx.

a a
14. a) Mot vat chuyén dong véi van téc v(f) = 1 — 2sin 2t (m/s). Tinh quiang dudng
vat di chuyén trong khoang thdi gian tir thdi diém ¢ = O(s) dén thdi diém

t= 342 (s).
b) Mot vat chuyén dong cham dén véi véan t6¢ v(f) = 160 — 10f (m/s). Tinh

quing dudng ma vat di chuyén dugc tir thoi di€m ¢ = 0 dén thoi diém ma vat
dimg lai.

15. M6t vat dang chuyén dong véi van t6c 10m/s thi tang t6c véi gia tSc

a(t) =3t + 12 (m/s). Tinh quing dudng vat di duge trong khoang thdi gian
10 giay ké€ tir ltic bit dau ting téc.

16. Mot vién dan duogc ban 1én theo phuong thang dimg v4i van t6c ban dau 25m/s.
Gia t6c trong truong la 9,8m/s’.

a) Sau bao lau vién dan dat t6i d9 cao 16n nhat ?

b) Tinh quing dudng vién dan di duge tir liic ban lén cho dén khi cham dat
(tinh chinh xdc dén hang phén tram),
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TINH GAN DUNG TiCH PHAN VA KHAI NIEM
TONG TiCH PHAN

Tinh gin dang tich phan

b
Tl dinh nghia tich phan ta thdy mudn tinh tich phan If(x)dx thi phai tm dugc mot -
a
nguyén ham F cla f. Mac dU nguyén ham nay chic chan tn tai nhung trong nhiéu
trudng hgp ta khong thé tim dudc biéu thirc tudng minh cha F(x) qua cac ham sa cap
da biét. (Chang han, ngudi ta da chimg minh ring nguyén ham cta cac ham sé
_? _sinx

y=et y=— , v=v1+x*, ... khdng thé bidu didn qua cac ham so cap da

b
biét.). Trong nhing trudng hop nhu vay, viéc tinh dang tich phan Jf(x)dx ia khéng

a
thé thuc hién dugc. Vay cb thé tinh gan dung tich phan d6 dugc khéng ?
a) Cho ham s& y = f(x) lién tuc va |dy gia tri duong trén doan [a ; b). Xét hinh thang
cong H gidi han bdi d6 thi ham s8 y = f(x), truc hoanh va hai dudng thing x =a,

x=b (trén hinh 3.4, ham s6 f(x)=5-x%, a=—1, b=2). Goi § la dién tich cia H.

b
Theo dinh i 1 ta c6 S = ] F(x)dx .

a

Véi mbi s& nguyén duong n, ta chia doan [a; b] 1am n doan con bang nhau bdi cac

diém xg=a, x; =a+

e Xp=a+ k2 x =b (k=0,1,2, ... n.

Dung céc hinh chit nhat B, vdi ddy 14 doan thng [x; ; x;,4], chiéu cao 12 f(xy)
(k=0, ..., n ~1). Dién tich cda hinh chif nhat B, 12 f(x) (X, —%;). Goi A, la
hop cla n hinh chit nhat By, B,,..., B,_; (xem hinh 3.4b v8i n = 10) va S(A,,) 14 dién
tich ctia hinh A,,. Ta c6 S(A,) la t8ng dién tich clia n hinh chit nhat By, B,.....B,_; .

n—1
Vay S(A) = 3 Flr ) xp = X) -
k=0

Khi s& diém chia n cang 16n, s8 hinh chif nhat By, By, ..., B,_; cang nhidu thi dién
tich S(A,) cGa hinh A, cang gan véi dién tich S ctia H (xem hinh 3.4¢ vdi n = 20,
hinh 3.4d véi n = 30). Vay S = S(A,,) ngha la



b n—l
[fode= ¥ fO04 -5
a k=0

Hinh H

Hinh Ay,

c)

Hinh 3.4
b) C6 thé nhan dugc cong thitc gan ding trén véi lap luan nhu sau : Gia sit mét vat
chuyén déng véi van téc v = f(f). Ta chia khoang thdi gian [a; b] thanh n khoang thdi

gian bang nhau a =1y <1, <... <t, = b. VGi n kha 16n thi khoang thai gian (1 ; 1., )
kha bé nén cé thé coi ring trong khoang thai gian d6 vat chuyén déng véi van téc

khéng d8i. Khi d6, quang dudng vat di dudc trong khodng thdi gian (g ; 1y 41) xap xi

155



156

bang At }tx 41 — 1 ). Thanh thlr quang dudng vat di dude trong khoang thdi gian
n=1 :

[a; b] x&p xi bAng Z Fl) (e — t). M3t khac, ta da biét quang dudng di dudc 1a
k=0

J' f(1)dt . Vayta cb

b n-1
[fodt = 3 f@)t ).
a k=0

Khéi niém t3ng tich phan

Mat cach t8ng quét, cho ham s&'y = f{x) lién tuc trén doan [a ; b). VSi mbi s8 nguyén
duong n, ta chia doan [a ; b] lam n doan con biing nhau bdi cac diém chia

b—-a

Xo=a,xy=a+ Xy =a+k x,=b (k=0,1,2..., n).

M&i doan con déu cé do dai bang ~—2

n—
Ki higu Sy = D> F N = X)-

S,, dudc goi la t8ng tich phan cdp n clia ham sé y = f(x) trén Goan [a ; b].
Ngudi ta da chiing minh duac dinh Ii sau day, goi la dinh li co ban cla tich phan
Dinh Ii

Cho ham s6 y = f(x) lién tuc trén doan [a ; b]. Goi S, |4 t8ng tich phan c4p n cla
ham s8 y = f(x) trén doan [a, b]. Khi d6

b
lim §,, = If(x)d.x.

Thanh thir khi 7 16n ta c6 Jf(x)dx S, = Z FOR)ay — xk)

Nhu vay téng tich phan S dung dé tinh xap xi tich phan. Khi cdp n cang I6n thi tdng

tich phan S, cang gén véi tich phan If(x)dx va su xap xi cang tét, 88 chinh xac

a

cang cao.

Chu y. Vé mat lich sd, khai niém tich phan dugc hinh thanh d6¢ 1ap véi khai niém
nguyén ham. Tich phan cla ham sé f trén doan (a ; b] dugc dinh nghia 1a gidi han



b
cua tdng tich phan cap n cla f trén doan [a; b). Ping thic If(x)dx = F(b)-F(a),
a
ma ta dung lam dinh nghia tich phan, dugc tim ra sau d6 bdi hai nha toan hoc Niu-
ton va Lai-bo-nit. Dang thic d6 cho ta méi lién hé gilra tich phan va nguyén
ham va dugc goi |4 cdng thic Niu-ton — Lai-bo-nit.

00 4
Sl

NGUON GOC CUA Ki HIEU NGUYEN HAM VA TICH PHAN

Ki hiéu tich phan 13 do nha toan hoc thién tai ngudi Pic Lai-bo-nit (1646 — 1716)
dua ra. Tich phan cla ham s8 f trén doan [a ; b] duoc dng dinh nghia |4 gidi han cla
tng tich phan.

n—1

lim ) f ()X, — X). (1)
k=0

Thai Lai-bo-nit, higu x;,, — X, thudng duoc viét 1a dx, = x; ; — x, do d la chir
dau cla chit La-tinh "diferentia” (hiéu sé). Do @6, gidi han (1) dugc viét lai thanh
n—|
lim » f(x,)dy.

k=0
Ki hiéu Z (t8ng s8) ciing nhu chir S ¢6 ngudn gbc tur chir La-tinh "summa" (cé

nghia 1a t8ng s6). D4u tich phan I 12 mét bién dang dan gian clia chii S.
b .
Ki hiéu I F(x)dx muén n6i rdng day 1a gi6i han ciia téng céc s6 hang f(x;)dx; .

a

Thanh thir, giéi han (1) dugc ki hiéu la j f(x)dx.

a

Cong thifc If(x)d.x = F(x)[, v8i F 1a nguyén ham tuy y cda f néu lén méi lién he
’ a

gilta tich phan va nguyén ham va ki hiéu Jf(x)dx dudc dung 88 chi cac nguyén
ham cua f. Viéc coi J f(x)dx 1a mét nguyén ham bét ki clia f dan dén cong thirc truc
quan va tién Ioi 1a If(x)d.x (If(x)dx” Ngudi ta con goi jf(x)dx la tich phan
xac dinh va I f (x)dx [A tich phan bit dinh (khéng xac dinh) cla ham f.
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MOT SO PHUONG PHAP TiNH TiCH PHAN

|

Phuong phap dai bién sé
Co s& clia phuong phdp déi bién s6 12 cong thitc sau day.

b u(b)
[flucow e = | faydu, (1)
a w{a)

trong d6 ham s6 u = u(x) c6 dao ham lién tuc trén K, ham so
y= f(u) hién tuc va sao cho ham hop f[u(x)] xdc dinh trén X ;
a va b 13 hai s6 thudc K.

Cong thitc (1) dugc ching minh nhu sau :

Goi F la nguyén ham cda f . Khi d6 v& phai cua (1) la F[u(b)] - F[u(a)].

Theo dinh 1i 1 §2, v& trdi cta (1) 12

(FluCon)|, = Flu(®) - Flu(@).
Ta thay vé€ trii bing vé phai. Vay (1) duge chiing minh, a
Coéng thirc (1) dugc goi 12 cong thitc doi bién s6.
Phuong phép d6i bién s6 thudng duge 4p dun.g theo hai cach sau day.

b
Cdch 1. Gia si ta cdn tinh Ig(x)dx. Néu ta viét dugc g(x) duéi dang

a
S lu(x)Ju'(x), thi theo cong thitc (1) ta cd
h - u(b)
[sdx = | fudu.
a u(a)
u(b)
Vay bai toan quy vé tinh j f(u)du. Trong nhiéu trudng hgp viéc tinh tich

u(a)
phan méi nay don gian hon.

2 2
Vi du 1. Tinh jxcx dx.
1



Gidi
. x2 1 2. 2 2 . )
Tacd xe* dx = 5e d(x”). Patu= x“ tacéu(l) =1, u(2)=4. Do d6

2 ) 4eu 1
X - = 4 _
Ixe d.x—i[zdu—2(e e).

.
[H1] 7inh [V2x+3dx blng cach dat u =2x +3.
1

B
Cdch 2. Gia st ta cin tinh J‘f(x)dx‘ Pat x = x(f) (t € K) va a,b € K thoa

. a

man a =x(a), f =x(b) thi cong thic (1) cho ta

p b
[foar = [flxolx @

Vay bai todn quy vé tinh t]‘g(t)dt (0 d6 g(t) = fx(6)].x'(z)). Trong nhiéu
truedmg hogp, viéc tinh tich p}fan méi nay don gian hon.

Vi du 2. Tinh ]Jl_-?dx.

Gidi ’

Pat x =sint. Tacé dx = d(sinr) = costds,0=sin0va 1 = sin%.

(ST

1
Vay I\}l ~xrdx = J.\h ~ sin? t.cos¢dt.
0 0
Vi ¢ G[O;g} nén V1 —sin% ¢ = cost. Do d6

[T

I

ENE

= |(1 + cos21)dr :%[z N smzt]

Gl—‘l\)lﬁ

r
1
J 1-x2 Tcos tdt =
0 0

<

& > béng céach dat x = sint.

[H2| Tinn 2]
0
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Phuong phap tich phan timg phan
Tuong tu nhu phuong phip 14y nguyén ham timg phén, ta cling cé phuong
phép tich phan timg phin. Co s& ctia phuong phap nay 1a cong thifc sau day.

b ‘ b b
Iu(x)v'(x)dx = (u(x)v(x))‘a - jv(x)u'(x)dx, 2)

a

trong d6 cac ham s6 u, v c6 dao ham lién tuc trén K va a, b 1a hai s6
thuoc K.

That vay, theo dinh 1i 2 §2, ta c6
b
J'u(x)v'(x)dx = (J‘u(x)v‘(x)dx')lz = (u(x)v(x) - Iv(x)u'(x)dx)

a

b
a

b
- (u(x)v(x))r: —(Iv(x)u'(x)dx)t = (u(x)v(x))ll; — [yl (xdx. |

Céng thiac (2) goi la cong thic tich phdn ting phdn va con dugc viét

b p b
dudi dan dv = - jvdu
ang !u ()] - fvau

a

1
Vidy 3. Tinh [xe*dx.
0
Gidi. Chon u(x) = x, v'(x) = e¢*. Khi d6 «'(x) = 1, v(x) = ¢*. Do dé
t I

Ixe"dxz(xex) —]c’%x =e—(e-1)=1.
0

0
2

Vidyd. Tinh [xInxdx.
: _

. 2
& X Dods

Gidi. Chon u = Inx, dv = xdx. Khidé du = . >

2 x2
lenx dx = [-2—lnx]

‘1

2

2x 3
- !de =2In2- 7.
!

T
2

@ Tinh Ix sin xdx.
0



Céu hal va bai tap

17. Dung phuong phdp déi bi€n s6 tinh cac tich phan sau :

b
1 4 1
a) [Va+ldr; b [ode: o [Pa+ i
i 0cos X 0
T
1 NEY Ax 6
f ;o e) J dx; 1) J(l — cos3x)sin3x dx.
0 x + 4) 0 +1 0
18. Dimg phuong phdp tich phan timg phan d€ tinh céc tich phan sau :
2 1 ‘
a) Ixs Inxdx ; b) I(x + e dx ;
0
T
n 2
c) Iex cosxdx; d) Ixcosxdx.
0 0
Luyén tap
n
1 2
19. Tinh a) NP +212+ 5 dr b) [xsinxcosxdx.
0
T _]. \E 3
20. Tinh a) [S(5 - 4cost)” sintdr ; b) [~ &
0 x® +1
sin x

21. Gia st F 1a mot nguyén ham ciia ham sd y =

trén khoang (0 ; + ).

ﬂn2x

Khi d6 dx la
(A) F(3) fF(l); (B) F(6) - F(2);
(C)F(4)-F(2); (D) F(6) - F(4).
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23.

_— 4

Trong thuc tién cudc séng cling nhu trong khoa hoc ki thuét, ngudi ta can
phai tinh dién tich clia nhitng hinh phing cling phu th€ tich ciia nhimg vat
thé phic tap. Ching han :

162

Ching minh ring

0

1 1
2) [flode= [Fa-x)dx;
0

1 1
b) [foodx = [[f(0)+ f-x)]dx.
-1 0

1 0
Cho [f(x)dx=3.Tinh [ f(x)dx trong cic trudng hop sau

0
a)f laham s6 1é;

. Tinh cdc tich phan sau :

2
a) sze’ dx
1

3
c) |[x 1+x2dx;

0
. Tinh céc tich phan sau :

a)

xcos2xdx ;

x% cosx dx ;

c)

S B T &R

-1

b) f 1a ham s6 chin.

3
b) Ean x)?dx ;
1

d)J‘23x

b) J'ln(z x)

1
d) Ix2Vx3 +1dx;
0

x
2'[ CoS X
1+ smx

€
e) Ixz Inxdx.

DE TINH DIEN TICH HINH PHANG

5 UNG DUNG TiCH PHAN

Khi xay dung mét nha mdy thuy dién, d€ tinh Iuu lurgng ctia dong séng ta phai
tinh dién tich thiét dién ngang ciia dong song. Thiét dién d6 thudng 12 mot

hinh kha phitc tap.
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Khi déng tau, cdc ki su cdn x4c dinh thé tich cta khoang tau c6 hinh dang
dac biét.

Tru6c khi phép tinh tich phan ra doi, v6i méi hinh va méi vat thé nhu vay
ngudi ta lai phii nghi ra mot cach dé€ tinh. Su ra ddi cua tich phan cho chiing
ta mot phuong phap téng quat dé giai hang loat nhitng bai todn tinh dién tich
va thé tich néi trén.

Trong §5 ta néi vé (ng dung tich phan dé tinh dién tich hinh phéng va trong
§6 n6i vé tng dung tich phan dé tinh thé tich vat thé.

Trong dinh 1i 1 §3, ta da biét : Néu y = f(x) la mot ham lién tuc va lay gid tri
khong am trén doan [a ; b] thi dién tich § cta hinh thang cong giéi han badi d6
thi ham s6 y = f(x), truc hoanh va hai dudng thing x=a, x=b la

b
S = [fx)d.

Viéc tinh dién tich hinh phang gidi han bdi cdc dudng cong thudng dugc quy
vé tinh dién tich cua hinh thang cong bang cich chia hinh phing dé thanh mot
s6 hinh thang cong.
Vidu 1 (Dién tich hinh elip). Tinh dién tich ctia hinh phéng gi6i han bdi elip :
‘_2 )’2 .
’—2—+-—2—= 1 (a>b>0).
a b
Giai
Ta tinh dién tich S cia mot phén tu hinh elip
nam trong géc phdn tu thi nhat. D6 1a mot

hinh gi6i han bdi dé thi ham s6 y = g\/az—xz.
truc hoanh, truc tung va dudng thing x = a (h.3.5).
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a
b
Vay§ = |—
1y S = |-
0
Ta tinh tich phan trén bang phuong phdp déi bién s6.
bat x = asint. Tacd
dx = d(asint) = acostdr, 0 = asin0 va a = asins

5"
Do dé

\/a2 — a*sin?t.acostdt

—
Q
[\
T‘
=
[ ]
I
OI_.NIﬁ

(ST

I\M cos’ t.acostdt = Ia cos? tdt
(vite [O N g} nén vcos> 1 = CoSt).

T

2 .
SuyraS =ab chs2t dt = %[z + s11122t]

r
2 abn

1

Vay dién tich hinh elip 1a 45 = nab.
e Mot céach téng quat, ta c6

Néu ham sd y = f(x) lién tuc trén doan [a ; b] thi dién tich S cta
hinh phing gii han b&i dé thi ham s& y = f(x), truc hoanh va
hai duong thing x=a,x=b 12

b
= {lreoldx. (1)

Vi du 2. Tinh dién tich S cia hinh phing giéi han béi d6 thi ham s6
y= -1, dudng thang x = 2, truc tung va truc hoanh.
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Gidi. (h.3.6) Pat f(x) = x> — 1.

Ta thdy fix) <0Otrén [0; 1] vafix) 20
trén [1 ; 2].

Theo cong thic (1), dién tich S cua
hinh dang xét 1a

g= i -dax

2
(1 - x>)dx + J'(x3 ~1)dx
|

Rl Ao L
A 186

[H1| 7im dign tich hinh phdng gidi han

* bdi d6 thi ham s6 y = 4 — x>, dudng thdng
x =3, truc tung va truc hoanh.

e D€ tinh dién tich S cha hinh phing
gi6i han bai d6 thi cdc ham s6 y = f(x),
y = g(x) lién tuc trén doan [a ; b] va hai
dudng thing x =a, x=b (h.3.7), ta ¢6
cong thic sau :

1l
Bl S oumw

b
s= [lfm-gwldx. @

Vi du 3. Tinh dién tich S cta hinh
phing gi6i han bdi parabol y = 2 — x*
va dudng thing y = —x.

Gidi (h.3.8) '

Truée hét, ta tim hoanh do giao diém
céc d6 thi cua hai ham s6 da cho bing

céch giai phuong trinh 2 — x? = —x.
Ta c6

2-x’=—xox=-1vax=2.
Hinh phiing dang xét gi6i han bdi cdc dé
thi ctia hai ham s6 y = 2 — x?, y'= —-X
va hai dudng thing x = -1, x = 2.

Yk
'?’ ,,,,,,
[ Lo ]
I
]
BES
(= ]
I
-}
O =
1 %
-1
Hinh 3.6
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Theo cong thitc (2) ta c6

S

Il

2
j(2+x—x2)dx
=

3. F
X X
_(ZJHT_?)
~1

[H2| Tinh dién tich hinh phéng gidi han béi dubng thdng y =  + 2 va parabol

y=x"%x-2.

2

wok.2
Ny

e Dé tinh dién tich mot s6 hinh phéng phiic tap hon ta phéi chia hinh da cho
thanh mot s6 hinh don gian ma ta da biét cach tinh dién tinh.

Vi du 4. Tinh dién tich S cta hinh phang H giéi han boi dé thi ham s6
y = v/x , truc hoanh va dudng thing y = x — 2.

Gidi (h.3.9)

Ta tim hoanh d6 giao diém céc d6 thi
ctia hai ham s6 y=\/; vay=x-2
biing céch gidi phuong trinh vx =x 2.
Két qua dugc x =4.

Dién tich S cta hinh H bang dién tich
hinh tam giac cong OCA trir di dién
tich hinh tam gidc ABC.

Dién tich hinh tam gidc cong OCA la

4 B s
J'\/;dx= x2L=—-
0

Wi

3

Hinh 3.9

Dién tich hinh tam gidc ABC 1a

AB.AC _22 _
28] R
16 10

2.

166



CHUY
Tuong tu (bing cdch coi x 13 ham ctha bién y), dién tich S cla

hinh phing giéi han béi cac dudng cong x = g(y), x=h(y) (g va h 14
hai ham lién tuc trén doan [c ; 4]) va hai dudng thang y =c, y=d 1a

d
s = [le - h(y)|dy. 3)

Chéng han trong vi du 4, coi hinh H 12 hinh phing giéi han b&i
duodng cong x = y2, dudng thdng x = y + 2, truc hoanh y = 0 va
dudng thing y = 2. Do d6, ta c6 thé tinh ngay S theo cong thic (3)

nhur sau :
2
2 2 3

= —y3dy = | L- _ ) 10
S= f(y+2 y )dy—[2 + 2y 3] =3

0 0

Cau hél va bai tap
26. Tinh dién tich hinh phang gi6i han béi d6 thi ham s§ y = sinx + 1, truc hoanh
va hai dudng thing x =0 va x = %‘t

27. Tinh dién tich hinh phéng gi6i han bdi :
a) D6 thi ham s8 y = cos x, truc honh, truc tung va dudng thang x = T ;
b) D6 thi haiham s6y = Vx vay= ¥x ;
c) D6 thi hai ham s6 y =2 x% vay = x* —2x? trong mién x > 0.

28. Tinh dién tich c4c hinh phing gidi han boi :

a) D6 thi cic ham s@ y = J|c2—4.y=—x2 - 2x vA hai dudng thing x = -3,
x=-2; ;

b) D6 thi haiham s6 y = x> — 4 vay=—x? — 2x;

c¢) D6 thi ham s6 y = x> — 4x, truc hoanh, dudng thing x = —2 va dudng
thing x = 4.
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UNG DUNG TiCH PHAN PE TINH
F . Ay
THE TICH VAT THE

1. Tinh thé tich cia vat thé

Cho moét vat thé
trong khong gian : b
toa do Oxyz. Goi B
1a phén cla vat thé
gi6i han bai hai
mat phing vudng
géc véi truc Ox tai
cdc diém a va b.

Goi S(x) la dién

tich thiét dién cta
vat thé bi céit boi

mat phing vubng géc véi truc Ox tai diém c6 hoanh do x (a < x < b)
(h.3.10).

Gia str § = S(x) 1a mot ham s6 lién tuc. Ngudi ta chitng minh dugc rang thé
tichV cuaB la

Hinh 3.10

b
V = IS(x) dx. (1)

Sir dung cong thiic (1) ta tim dugc cong thic tinh thé tich ctia mot s6 vat thé
quen thudc trong hinh hoc.

Vi du 1 (Thé tich khéi chép cur). Cho khéi chép cut ¢6 chiéu cao h, dién tich
ddy nho va ddy 16n thi tela S, S;. Ching minh ring thé tich V cia né la

V= -;i('so + 58 5.
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Giai
Trong hé truc toa d6 Oxyz,

ta dat khéi chép (sinh ra @
khéi chép cut) sao cho
dudng cao nam trén truc

Ox va dinh trung véi géc
toa do.

Goi a va b lan lugt la
khoang cdch tir O dén day
nho va ddy 16n, ta c6 chiéu - Hinh 3.11

cao cua khéi chép cut 1a

h=b-a (h3.11). Thiét dién cha kh6i chép cut cit béi mat phing vuong
g6c v6i truc Ox tai diém c6 hoanh do x (@ < x < b) 1a mot da gidc déng dang

véi ddy 16n véi ti s6 dong dang la %

S(x) x? 17 x2
Sl b—z.VayS(x)— S Fod
Theo cong thic (1), ta cé

b 3 2 2
e J-SI__d‘x_ $i(b> ~a’) _b-a Sa’ +5ab+Sb

b* 3b? 3 b*
Sla Sla
3[ 3 b +8 |
Sla Sla Sla
Pé y ring S, = S@==5-w S, 2 =5, nénV= —(so+,fsos, +5)).

Nhdn xét. Kh6i chép duge coi 1a kh6i chép cut ¢6 S, = 0. Vi vay, thé tich V
cua khéi chép c6 chiéu cao h va dién tich ddy S 1a

Sh
V i e
3

Tacé6 ——

2. Thé tich khéi tron xoay

Mot hinh phing quay xung quanh mot truc nao d6 tao nén mot khoi
tron xoay.
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e Cho ham s6 y = f{x) lién tuc, khéng am trén
[a ; b]. Hinh phing gi6i han bdi d6 thi ham s6
y = f{x), truc hoanh va hai dudng thang x = q,
x= b quay quanh truc hoanh tao nén mot
khéi tron xoay (h.3.12). Thé tich V cua né
duoc tinh theo coéng thitc

b
V=mn _[ 2 (x)dx. (2) Hinh 3.12

That véy, thiét dién cta. khéi tron xoay cit béi mat phang vudng géc véi
truc Ox tai diém x (a < x < b) 12 mot hinh tron ban kinh fx). Do d6

Sx) = nf 4 (x). Vi thé, tir cong thitc (1) ta suy ra cong thic (2).

Vi du 2 (Thé tich khoéi chém cdu). Cho mot khéi chdom cdu ban kinh R va
chiéu cao h. Chiing minh ring thé tich V clia kh6i chom céu Ia

BRIV _ﬁ)
V_nh[R 1)

Giai
Trong mat phing Oxy, xét hinh phang giéi i
han béi cung tron tdm O ban kinh R c6 -
phuong trinh y = VR® — x*, truc hoanh va %%
dudng thing x =R—h (0 < h < R). Quay

hinh phang d6 quanh truc hoanh ta thu dugc it
kh6i chom cdu ban kinh R chiéu cao h
(h3.13). |

Theo cong thitc (2) thé tich cua khéi chom
ciu la

V=n ? (R* = x*)dx ='1r.(R2x *ﬁ)lk

3 JIR-h
R-h

X R (R—h?]_ 2_( h]
—R{R3~T+R(R—h)+ 3 =mh’| R~

Hinh 3.13
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Nhdn xét

Khé6i ban cdu ban kinh R dugc coi 1a khéi chom cdu bdn kinh R va chiéu cao
h = R. Vi vay, thé tich clia kh6i bén cdu ban kinh R 12

3
2 R] 2nR
= R==|= .
v=n(-5) =73
Do d6, thé tich hinh c4u bén kinh R 1a
3

v o 8,

3

[E Xét hinh phéng gidi han bdi d6 thi ham s6 y = x>, céc dudng thing x = 1,
x =2 va truc hoanh. Tinh thé tich khéi tron xoay tao thanh khi quay hinh phéng dé
quanh truc hoanh. i

e Tuong tu, cho dudng cong c6 phuong
trinh x = g(y), trong d6 g la ham s6 lién
tuc va khéong am trén doan [c ; dl.
Hinh phing gi6i han bdi dudng cong
x= g(y), truc tung va hai dudng thing
y = ¢, y = d, quay quanh truc tung tao
nén mot khéi tron xoay (h.3.14). Thé
tich V ctia n6 dugce tinh theo cong thitc 0 i

» Hinh 3.14

d
V=nflmd. @)

That vay, tir cong thiic (2) bang cdch xem x 1a ham cua bién y ta suy ra cong
thie (3). O
Vi du 3 (Thé tich khéi nén cut). Cho
kh6i nén cut ¢6 chiéu cao h, ban kinh
ddy 16n va ddy nho lan lugt 1a R va r.
Ching minh ring thé tich V cta khéi
nén cut d6 1a

V= %nh(}i’z + Rr + 7).
Giai
Trong mat phing toa do0 Oxy xét hinh
thang vuéng OABC v6i OA=h,AB=rva

OC =R (h.3.15). Quay hinh thang dé quanh
truc Oy ta duge kh6i nén cut da cho.

Hinh 3.15
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Gia st BC kéo dai cit Oy tai D. Pat AD =, OD = a. Tacé a ~ | = h. Phuong

R(a-y) . =
a

trinh duong thing BC 13 x = . Theo cong thitc (3) ta c6

2 2
V= nfudy - %(03 YEN

a 3a
2 ' 2 2
_ IR —(a- I’ +az+12)-“R’{1+i+[i) ]
3a 3 a a
I r . I .. r
Vi;—-ﬁnénkhlthay;t')mitaduqc
1 l: r rz] 1
R ) ro|r _1 2 2
V—31tRh1+R+[R) 3J'ch(R +Rr +r°). O

Nhdn xét. Khi R = r, kh&i nén cut trd thanh khéi tru ¢6 chiéu cao h va bdn
kinh ddy R. Vi vay, thé tich cha khdi tru 12

V= %nh(Rz + R? + R?) = nk*h.
Khi r = 0, kh&i nén cut trd thanh kh6i nén cé chiéu cao h vi bén kinh diy R.
Vi vay, thé tich ctha kh6i nén 12 .

1 .2
V== h.
31tR

Céu héi va bal tap

29. Tinh thé tich clia vat th€ nim giGa hai mat phing x = —1 va x = 1, biét ring
thiét dién clia vat thé bi cit bai mit phang vuong géc vdi truc Ox tai diém c6
hoanh d6 x (-1 < x < 1) 1a mot hinh vuong canh 1a 21 — x2.

30. Tinh thé tich cha vat thé nim giita hai mat phiang x = 0 va x = 1, biét ring
thiét dién cla vat thé b cit bii mat phing vuong géc véi truc Ox tai diém c6 |
hoanh do x (0 < x < 1) 1a mot tam gidc déu canh 1a 2 vsin x.

31. Cho hinh phing A gidi han bdi cdc dudng y=0,x=4 vy = Jx —1. Tinh thé
tich cua khéi tron xoay tao thanh khi quay hinh A quanh truc hoanh.
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32. Cho hinh phing B gidi han bdi cac dudng x = %, x=0,y=1vay=4. Tinh
thé tich ctia khéi tron xoay Itz_lo thanh khi quay hinh B quanh truc tung.

33. Cho hinh phén‘g B giGi han bdi cic dudng x = \/gyz ,x=0,y=—-1lvay=1.
Tinh thé tich cla khéi trdn xoay tao thanh khi quay hinh B quanh truc tung.

1. Al LA NGUGI PHAT MINH RA PHEP TiNH TiCH PHAN ?

Culing vdi phép tinh vi phan, phép tinh tich phan [a mét thanh tuu 16n cla tri tué nhan
loai. N6 da tao nén mét budc ngoat 16n trong sy phét trién clia khoa hoc va trd thanh
mét cdng cu sic bén, ddy sitc manh dugc cac nha khoa hoc sif dung rdng rai trong
nghién c{tu cling nhu trong (g dung thuc tién.

Phép tinh vi phan va tich phan do hai nha bac hoc 16n 1 Niuton (I. Newton 1643 — 1727),
ngudi Anh va Lai-bd-nit (G. Leibniz 1646 — 1716), ngudi Dlrc, sang tao ra dong thdi
- va dbc lap véi nhau.

Thuc ra day 1a mdt cudc chay tiép sifc clia nhiéu thé hé cac nha bac hoc xudt sic
trong nhiéu thé ki. Trudc Niu-ton va Lai-bo-nit hai nghin n&m, nha bac hoc Ac-si-mét
@3 cb y tudng diu tién vé phép tinh tich phan. Trong bic thu gl ngudi ban, ong da
dua ra mdt phuong phap méi goi la "phudng phap vét can" va da sl dung nd dé giai
nhiéu bai toan tinh dién tich, thé tich, chiéu dai cung. D6 |a tién than cha phép tinh
tich phan. Sau éng nhiéu nha toan hoc khac cling tham gia m& dudng cho su ra doi
cla tich phan, trong dé phai ké dén nhing d6ng gbp xuét sic ctia cac nha khoa hoc
nhu J. Ké-ple (J. Kepler), Ca-vadi-oi (B. Cavalieni), Phéc-ma, Dé-cac, Ba-tiu (1. Barrow).

Ngay nay cac nha nghién cttu déu nhét tri ring vé mit thdi gian, Niu-ton kham pha
ra phép vi tinh vi - tich phan trudc Lai-ba-nit khoang 10 nam nhung Lai-ba-nit lai cho
cdng b8 cdng khai cong trinh clia minh trudc Niu-ton t6i ba nam. V& hinh thifc, phép
tinh tich phan cla Niu-ton va phép tinh tich phan cta Lai-bo-nit khac nhau rd rét.
Niu- ton trinh bay cac két qua cta minh duéi ngdn ngit Hinh hoc, con Lai-ba-nit ding
ngén nglr Bai s6. Cac ki hiéu cla Lai-bo-nit phong pha va thuan tién han nhiéu so
véi cac ki hidu clia Niu-ton (d4u tich phan va cac ki hiéu vi phan, dao ham ma ching
ta dung ngay nay |4 cla Lai-ba-nit). Vé su két hop gilfa phép tinh vi — tich phan véi
cac nghién clru vé khoa hoc tu nhién thi Lai-bo-nit khéng sau s3c bang Niu-ton
nhung ding trén géc dd toan hoc thi phép tinh vi - tich phan clia Lai-bo-nit thé hién
mét tAm nhin bao quét han, mét tri tudng tugng tinh t€ hon.
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2. VAI NET VE cuQC B0l VA SU NGHIEP CUA NIU-TON

VA LAIFBO-NIT

1) Niu-ton (1643 — 1727) la nha toan hoc, vat li hoc, cd hoc
va thién van hoc vi dai ngudi Anh. Ong sinh ra @ mét viing
qué & nudc Anh. Ngudi cha qua ddi trudc khi 6ng ra dai.
Ngudi me vi qua dau budn nén sinh éng thiéu thang. Lic
mdi sinh 6ng bé tdi mirc dat dugc vao mét chiéc céc to.
Khéng ai ngd rang dira bé quat queo nhu vay lai c6 thé tho
t6i 85 tudi va trd thanh mét nha khoa hoc vi dai nhu vay.
Niu-ton duge ngudi duong thdi md ta 1a cb tdm véc trung
binh, béo chac, dau ludn doi téc gid, c6 ddi mat sang va
théng minh. Ong sdng rét gian di, khiém nhudng, say mé
v@i cdng viéc va réat dang tri.

2) Lai-bo-nit (1646 — 1716) 1a nha toan hoc, vt Ii hoc, triét
hoc thién tai ngudi Didc. Ong sinh & thanh phd Lai-xich
(Leipzig). la con trai mét gido su triét hoc. Tif Itic 6 tudi ng
da suét ngay mé mai doc sach. Nam éng 7 tudi thi cha 6ng
qua dai. Nam 15 tudi 6ng da vao dai hoc va hoc vé luat
hoc, triét hoc va toan hoc. Nam 20 tudi (nam 1666) 6ng da
bdo vé luan an tién si luat hoc déng thai ciing coéng bd
cdng trinh todn hoc dau tién cla minh véi nhan dé :
"Nhimng suy nghi vé nghé thuét t8 hop". Sau dé éng dugc
b8 nhiém lam quan chifc ngoai giao tai Phap.

Nhimng c8ng hién vé toan hoc chi 1a mdt phan nhd trong su
nghiép ctia 6ng. O thdi dai 6ng, ngudi ta biét dén 6ng nhu
mét nha ngoai giao, nha luat hoc va nha triét hoc. Ong biét
rat nhiéu ngoai nglr va hau hét cac kién thic clia 6ng déu
cb dugc bang con dudng tu hoc.

Isaac Newton
(1643 - 1727)

Gottfried Leibniz
(1646 — 1716)

Lai-bo-nit duge ngudi duong thdi mé ta 1 c6 thé trang gay go, tdm thudc, da xanh va
cing ludén deo téc gid. Tri nhd cla éng ciing khac ngudi thudng : Nhiing diéu kho
hiu dudc 6ng nhd rat tét nhung nhitng diéu dé hiéu thi 6ng lai quén ngay.

Luyén tap

34. Tinh dién tich hinh phang gi6i han bdi :

174

2

a) D6 thi cdic ham sy =x, y=1 véy=xT trong mién x 20, y<1;

b) D6 thi hai ham s6 y = x* —4x® + 4, y = x%, truc tung va duong thing

x=1:

c)DOthlcachamséy—x y=4x-4vay=-4x-4.



33.

36.

37.

38.

39.

41.

42.

. Cho hinh phing B gi6i han béi cdc dudng x = /2sin2y ,x=0,y=0va y =3

Tinh dién tich hinh phéng giéi han béi :
a)Dé thihaihams6y= x> + 1vay=3 — x ;
b) Céc dudngx= y>,y=1vax=8;

c) D6 thi hai ham s6y = vx , y =6 — x va truc hoanh.

Tinh thé tich ctia vat thé T nim giita hai mat phing x = 0 vd x = &, biét ring
thi€t dién cha vat thé cit bdi mat phing vubng géc véi truc Ox tai diém c6
hoanh d¢ x (0 < x < 7) 1a mot hinh vuéng canh la 2 Vsin x.

Cho hinh phing A giéi han bdi cic dudng y = x°, y =0, x = 0 va x = 2. Tinh
thé tich clia khéi tron xoay tao thanh khi quay hinh A quanh truc hoanh.

Cho hinh phang A gi¢i han bdi céc dudng y =cosx, y =0, x =0 va x =%.
Tinh thé tich caa khéi tron xoay tao thanh khi quay hinh A quanh truc hoanh.
Cho hinh phing A gi6i han bdi cic dudng y = xe2,y=0,x=0vix = 1. Tinh
thé tich ctia kh6i tron xoay tao thanh khi quay hinh A quanh truc hoanh.

n

Tinh thé tich ctia khéi tron xoay tao thanh khi quay hinh B quanh truc tung.

Cau hol va bai tp on tap chuong Il

Tim nguyén ham ctia cdc ham s6 sau (tir bai 41 dén bai 43):

a)y=2x(1-x7); b)y=8x——>;
x4
3.3 in(2x + 1)
c)y=xzsin(x2+1); d)y=¥——.
cos"(2x + 1)
a)y= —l?cos(l - 1] : b)y= x3(1 + x“)3 :
x x
2x
C)y=x2 ; d)y= x’e".
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43.
44.

45.

46.

47.

48.

49.

50.

S1.

- Inx
a)y=xe ", byy=—.

Tim ham s6 y = f{x) néu biét dy = 12x(3x* — 1)>dx va f(1) = 3.

. b
Xac dinh s6 b duong dé tich phan [(x — x*)dx c6 gid tri 16n nhat.

Y 0
. 9 9 9
Cho biét jf(x)dx = -1, [f(xdx =5, jg(x)dx = 4. Hay tim
] 7 7
9 9
a) [-2f(0dx ; b) [Lf(x) + g(x)dx ;
1 . 7
5 _ 7 .
¢) [[2f(x) - 3g(0dx ; d [f(nadx.
7 ]

Chd ham s6 f lién tuc trén [a ; b]. Ti s6
b
1
— Jf(x)dx

dugc goi 1a gid tri trung binh cua ham s6'f trén [a ; b] va duoc ki hiéu 1a m(f).
Chitng minh ring tén tai di€ém ¢ € [a ; b] sao cho m(f) = f(c).

Gia sir mét vat tir trang thai nghi khi t = 0 (s) chuyén d6ng thing véi van 16¢
v(t) = 1(5 — £) (m/s). Tim quang duong vat di duoc cho t6i khi né dirng lai.
M6t chat diém A xudt phdt tir vi tri O, chuyén dong thing nhanh din déu ;
8 gidy sau nd dat dén van t8c 6m/s. Tir thdi diém d6 n6é chuyén dong thing
déu. Mot chét diém B xudt phdt Y cing vi tri O nhung cham hon 12 gidy so
v6i A va chuyén dong thing nhanh din déu. Biét ring B dudi kip A sau 8 giy
(k€ tit lac B xudt phat). Tim van t6c cia B tai thoi diém dudi kip A.

Tinh céc tich phan sau :
b1
2 2 3 2

a) [¥*sin2xde:  b) [x@ +Ddx; o) J(x-De* dx.
0 1 ’ 2

Tinh dién tich cac hinh phing gi6i han bdi :
a)DGthicéchémsfiy=4—x2,y=—x+2;
b) Céc dudng cong c6 phuong trinh x =4 — 4y2 vax =1- y4 trong mién x > 0.
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S2.

53.

54.

5S.

56.

57.

58.

59.

Tinh dién tich cha c4c hinh phing gi6i han béi :

a) Parabol y = x> — 2x + 2, tiép tuyén cla né tai diém M(3 ; 5) va truc tung ;
b) Parabol y = — x> + 4x — 3 va c4c tiép tuyén cha né tai cdc diém A0 ; —3) va
B(3; 0).

Tinh thé tich cla vt thé nim gilta hai mat phang x = 0 va x = 2, biét ring thiét
dién cha vat thé bi cat bdi mat phing vuéng géc véi truc Ox tai diém co

hoanh dé x (0 < x < 2) 132 mdt mra hinh tron dudng kinh V552 .

Xét hinh phing gi6i han bi dudng hypebol y = % va cdc durong thang y = 1,
y =4, x = 0. Tinh thé tich clia kh&i trdn xoay tao thanh khi quay hinh phang
dé6 quanh truc tung. ’

Cho hinh phing A gidi han béi 6 thi ham s6 y = Jc@?(o <x< %‘] va hai
truc tpa do. Tinh th€ tich kh6i trdon xoay tao thanh khi quay A quanh

truc hoanh.

Cho hinh phing A gi6i han béi dudng cong c6 phuong trinh x(y + 1) =2 va
cdc dudng thing x =0, y = 0, y = 3. Tinh thé tich kh6i tron xoay tao duogc khi
quay A quanh truc tung.

Cho hinh phing A giéi han bdi dudng cong c6 phuong trinh x — y2 =0 va cac
dudng thang y = 2, x = 0. Tinh thé tich khéi tron xoay tao thanh khi quay A

a) Quanh truc hoanh ; b) Quanh truc tung.

N —
| =

Cho hinh phang A gifi‘i han bdi duong cong c6 phuong trinh y = x“ e vacdc
dudng thang x = 1, x = 2, y = 0. Tinh thé€ tich khéi trdn xoay tao thanh khi
quay A quanh truc hoanh.

Cho hinh phéng A gi6i han bdi dudng cong ¢6 phuong trinh y* = x° va céc
dudng thing y = 0, x = 1 trong mién y > 0. Tinh thé tich kh6i trén xoay tao
duge khi quay A

a) Quanh truc hoanh ; b) Quanh tryc tung.
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60.

61.

62.

63.

65.

178

Bal 14p tric nghlém khach guan

Trong méi bai tdp dudi ddy, hdy chon mot phuong dn trong cdc phuong dn dd
cho dé dwoc khang dinh ding.

5 dx
Gia sir | =Inc.Giftrichacla
: 2x -1
(A)9; B)3; (C) 81 ; (D) 8.
2
Gi4 tri cha j262xdx 1a
0
(A) e* (B) e* —1: ©) 4e*;  (D)y3e*-1.
0
Gi4 tri cba [x2(x +D3dx 12
-1
7 1 2 1
(A) ~75° (B) rl © 15 (D) Ik

Dién tich hinh phing ndm trong géc phédn tu thi nhit, giéi han bdi duong
thing y = 4x va d6 thi ham s6 y=x’1a

(A)4; B)S5; ©3; (D) 3,3.

. Dién tich hinh phing nim trong géc phin tir thit nhat, giéi han bdi hai dudng

thing y = 8x, y = x va 46 thi ham s6 y = x" 1

(A)12; (B) 15,75 ; (©) 6,75 ; (D) 4.

Dién tich hinh phing nim trong géc phin tr thi nhét, giéi han bdi dudmg
thing y = 2x va d6 thi ham s6 y =x> 12

4 3

) 5 23
(A) 3 (B) 3 © 3 (D) 5
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66. Cho hinh phing A gi6i han bi d8 thi hai ham s6 y = x* va y =6 — |x|. Thé
tich khai tron xoay tao duge khi quay A xung quanh truc tung la
32 20
W35 ® I ©) 8r ; ™ 5=

67. Cho g, b 12 hai s6 duong. Goi K 1a hinh phing nim trong géc phén tu thi hai,
gi6i han bdi parabol y = ax” va dudng thing y = —bx. Thé tich khi tron xoay

tao duoc khi quay K xung quanh truc hoanh la mot s6 khong phu thudc vao
gid tri cba g va b néu a va b thoa man diéu kién sau

A b* =22 ; B)H =24 ; © b =24°; D) b*=2d>.
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Chuong nay cho ta biét tap hop s6 phite, mot tap
hop s6 chira tap hop s6 thuc, vdi cac quy tac tinh
toan tuong tu, trong dé moi s6 thuc am déu co can
bac hai, moi phuong trinh bac hai déu co nghiém. Ta
con biét nhiéu ing dung khac cua s6 phuc trong dai
s0, trong hinh hoc va trong luong giac.

Hoc sinh cédn rén luyén ki nang tinh toan véi s6 phuec,
hiéu y nghia cua viéc xay dung tap hop sé phuc va
giai duoc mot s6 bai tap don gian vé s6 phuc.



§ sO PHUC

1. Khai niém sé6 phic

Ta da biét ring c4c phuong trinh x +1 =0, x> + 4 = 0 khong c6 nghiém thyc.
Mot cich tdng quét cdc phuong trinh bic hai véi he s6 thue Ax2 + Bx+C =0 ma
biét thiic A < 0, ching han x? — 2x + 2 = O (biét thic A = —4), déu khong c6
nghiém thure,

Su phat trién chia todn hoc, khoa hoc ddi hdi phai mé rong tap hop céc sé thuc
thanh mot tap hop sd mdi goi 1 tAp hgp cic s6 phic, trong d6 ¢6 cdc phép
todn cong va nhan véi céc tinh chit twong tu phép todn cong va nhan s6 thuc
sao cho cdc phuong trinh néi trén déu c6 nghiém.

Muén thé&, ngudi ta dira ra s6 i sao cho binh phuong clia né bang —1. Khi d6 i
Ia mot nghiém ctia phuong trinh x® + 1 =0 va 2i 12 mét nghiém cia phuong
trinh x> +4=0;conl+i I mot nghiém ciia phuong trinh x? =2x+2=0,
tic 12 phuong trinh (x — 1)2 +1=0,. Cic s6 a + bi (a,b e R) goi 1a cic
s6 phitc.

Vi céc s6 phitc, ngudi ta con chimg minh duge ring moi phuong trinh bac 2,
3, 4, ... du c6 nghiém (phiic). S6 phic cling lién quan chit ché véi hinh hoc

phing, v6i lugng gidc , ... (xem bai Em c6 bi€t “Vai nét lich s& phat trién
s6 phac”, trang 197).

DINH NGHIA 1

Mot sé phitc 12 mot bidu thitc dang a + bi, trong d6 a va b 1a
nhiing s6 thuc va s6 i thoa man ;> = — 1. Ki hiéu s6 phic d6 12
z va viét z = a + bi.

i duoc goi la don vj do, a duge goi 1a phdn thuc va b duge goi
1a phdn do cda s8 phiic z = a + bi.

Tap hop cic s6 phitc duge ki hiéu 1a C.
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CHUY
S6 phitc z = a + 0 ¢6 phin 4o bing 0 duge coi 1a s6 thuc va viét 1a
a+0i=aeRcC.

S6 phiic ¢6 phén thie bing 0 diroc goi 14 56 do (con goi 1a s6 thudn 4o) :
z=0+bi=bhi (heR);i=0+1i=1.

S6 0=0+0i =0/ viralaso6 thuc vira la s6 ao.
Vidul
S6 phitc z = 2 + +/3i ¢6 phdn thuc bing 2, phan 40 bing V3.
S6 phitc z = — i (tdc 1a (-1)i) c¢6 phén thuc bing 0, phin do bing -1 ; d6 1a
mot s6 ao.
DINH NGHIA 2

Haisophic z =a+bi (a,hbeR),z'=a"+b'i (a',b'eR)
goi 12 bing nhau néu
a=a',b=>b"

Khi d6 ta viét z = z'.
[H1| Khinao s6 phire a + bi (a, b < R) béng 0 ?

Biéu dién hinh hoc sé phitc

Ta d biét biéu dién hinh hoc cic s6 thuc bdi cic diém trén mot truc s6.

Doi v6i cic s phitc, ta hdy xét mit phing toa dd Oxy. M8i s6 phic
z=a+ bi (a, b eR) duoc biéu dién bdi diém M c6 toa d6 (a ; b). Nguoc
lai, r6 rang mbi diém M(a ; b) bifu dién mot s6 phiac 1a z = a + bi. Ta con
vi€t M(a + bi) hay M(z).

Vi I€ d6, mat phang toa dd vé6i viéc bidu dién s6 phiic nhur thé duoc goi 1a mdr
phdng phitc.

G6c¢ toa d6 O biéu dién s6 0.

Cic diém trén truc hoanh Ox biéu dién cic s6 thuc, do dé truc Ox con dugc

goi 1a truc thuc.
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Céc diém trén truc tung Oy biéu hue i trn bhacrs
dién cic s6 éO, do doé tl'l_lC Oy con "'i"l' "TEI
duge goi 1a truc do. 1 gl b adv
Trén hinh 4.1 ¢6 cdc diém O, A, B, L by ]
C, D, E, F theo thi ty biéu dién céc 7T R ¢ S "
s6 phac 0, 1,i, <2, ~2i, 1 +2i,2 ~i. TN e
3. Phép cong va phép trir sé phiic -
a) Tong cha hai sé phire -
Hinh 4.1

DINH NGHIA 3
Téng ctia hai sé phitc z =a + bi, z'=a'+b'i (a,b,d, b € R)
a s6 phic
z+z'=a+a + b+ b
Nhu vay, dé cong hai s6 phiic, ta cong cdc phan thuc véi nhau, cong cdc phin
a0 v6i nhau.
Vidu2.Tacé @B+i)+(2-3i)) =5-2;
' A-2)+2+2i) =3;
(2-20)+(-2+3i) =i.

b) Tinh chat cia phép cong so phirc

Tir dinh nghia 3, dé thdy phép cong cdc s6 phic c¢6 cac tinh chit sau day,
tuong tu phép cong cac sé thyc.

e Tinh chat két hop :

(z+z)+z"=2z+ (z'4— z") v6imoiz, z',z" € C.
e Tinh chat giao hodn :

z+z'=2'+2 vé‘imoi‘z.z' e C.
e Cong v6i 0 :

z40=0+z=2z véimoi z € C.

e V6i mbi s6 phic z = a + bi (a, b € R), néu ki hiéu s6 phiic —a — bi 1a —z
thi ta c6

z+(-2)=(2)+z=0.
S6 —z dugce goi 1a 56 doi cha s6 phiic z .
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@ Trong mét phang phitc, cho diém M biéu dién s6 z. Hay tim diém biéu dién
s6 -z

¢) Phép trix hai s6 phirc
DINH NGHIA 4

Hiéu ciia hai s6 phirc z va z' 1a tdng cha z v6i —z ', tic 1a

z—z2'=z+(-z").

Néuz=a+bi, z'=a"+b'i (ab,d,b €R)thi
z=z'=a—a' +(b-bi.

d) Y nghia hinh hoc ctia phép cong va phép trir sé phiic

Trong mat phing phic, ta da coi diém M c6 toa do (a ; b) biéu dién s6 phiic

z =a + bi. Ta ciing coi mdi vecto i c6 toa do (a;b) biéu dién s phic

z=a + bi.

Khi d6, néi diém M biéu dién s6 phic z ciing c6 nghia 12 vecto OM biéu

dién s6 phuc do.

Dé thdy ring, néu &, i' theo thit tu biéu dién cdc s6 phic z, z' thi
i + ii' biéu dién s6 phic z + z',
i — i' biéu dién s6 phitc z — z'.

Vi du 3. Quan sat hinh 4.2, ta thdy : Ch

Vecto OM = ii c6 toa do (1 ; 3)
biéu dién s6 phitc z = 1 + 3i ;

P@3:4)

Vects OM' = ii' c6toado (2; 1) | // maq

biéu dién s6 phitc z' =2 +1i ;

Vecto OP =ii+ii' c6 toa do —* = 2 - 0
(3;4) .biéu dién s6 phiic

z+2'=3+4i ;

Vecto @:W‘:E‘—E co toa o |

do (1 ; —2) biéu dién s6 phiic

r=rel- A Hinh 4.2



4. Phép nhan s6 phic
a) Tich cua hai s6 phic
Cho hai s6 phidc z =a +bi, z' =a'+b'i (a, b, a', b’ € R). Thyc hién phép
nhan mot cdch hinh thic bi€u thitc a + bi véi biéu thic a'+ b'i, 16i thay

it =-1, ta duge

(a + bi)(a' + b'i) = aa' + bb'i + (ab' + a'b)i
= aa' — bb' + (ab' + a'b)i.
Diéu d6 dan ta dén dinh nghia sau day.

DINH NGHIA 5
Tich chahaisophiic z=a + bi v z'=a'+ b'i (a,b,d, b € R)
1a s6 phic
7z’ = aa' — bb' + (ab' + a’'b)i.
Vidu 4. Tacé
R-HDA+2)=2+2)+@-Di=4+3i;
Q+HR-i) =@+ +(-2+2)i=5;
2+)1+2)=2-2)+4+1)i=5i.
Nhdén xét. Vi moi s6 thuc k va moi s6 phiic a + bi (a,b € R), tacé
k_(a + bi) = (k + Oi)(a + bi) = ka + kbi ,

dac biét 0z = 0 véi moi s6 phic z.
[H3] Néu vecto ii bi€u didn s6 phitt z thi vecta kii (k € R) biu dién s& phic ndo ?

Vi sao ?

Vi du 5. Trong mat phing phic, néu diém M biéu dién s6 phic z, diém M’
biéu dién s6 phitc z' (M khic M) thi trung diém P clia doan thing MM ' biéu

dién s6 phiic %(z + z"). Diéu d6 suy ra tir hé thic OP = %(W + OM").
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Xét 6 phitc z=x+yi (x,y € R). Tinh 2% va tim tap hap céc diém cia mat
phéng phirc bidu didn céc s6 phic z sao cho z° 1a s6 thute.

b) Tinh chit caa phép nhan sé phire

Tur dinh nghia 5, dé thdy ring phép nhan céic s6 phidc cé cac tinh chét sau day
tuong tu phép nhan cic s6 thuc.

¢ Tinh chét giao hoan :
zz' =z'z véimoi z,z' € C.
e Tinh chit ké&t hop :

[T

(zz")z" = z(z'z") v6imoi z,z', z" e C.

e Nhan véi 1 :
l.z=z.1=z véimoi z € C.

e Tinh chat phan ph6i (cua phép nhan dé6i véi phép cong) :
2(z'+z")y = 22"+ z2z" v6imai z, z', z" € C.

T c4c tinh chat noéi trén ta ¢6 thé thuc hién phép todn cong va nhan céc sd
phuc theo céc quy tic nhu phép todn cong va nhan céc s6 thuc.
Vidué. (z+z)z~z)=z2z+2'z—22'-2'2" = 2? - 2?2 :

z+zYWz+2)=(z+ z')2 =22 4+ 222" + 27 :

bi)? = b2 = -b?* (beR) ;

P=ifi=-i,i*=i2i=1,7

=1;
A+ =1+3i+3i* +2 =2 +2i.
[H5] Hay phan tich 22 + 4 thanh nhan tix
5. Sé phirc lién hop va modun cua sé phirc

a) So6 phic lién hop
DINH NGHIA 6

S6 phiic lién hop cia z =a + bi (a, b € R) 12 a — bi va dugc
ki hiéu béi 7.
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Nhu vay

Z=a+bi=a-bi 4y
Vidu?7. 2+3i=2-3i; Y M(2)
4-2i = -4+ 2 ; 5 .
l———l\ i ?
—i=i |
sM'(Z)
e RO rang z =z nén nguditacdnndi z vd 7

14 hai 50 phitc lién hop vdi nhau (goi tit la Hinh 4.3
hai s6 phiic lién hop).

Hai s6 phic lien hop khi va chi khi céc diém biéu dién cha ching d6i xing

v6i nhau qua truc thue Ox (h.4.3).

Chung minh ring s& phitc z 13 s& thuc khi va chi khi z = T.

« Tir dinh nghia 6, d& suy ra :
Véi moi s8 phuc z, z°, ta ¢

z+z' =z+12";

z2z' =22\

Chimg minh rdng véi moi s& phtrc z = a + bi (a,b € R), ta cd 27 = a” + b’

b) Médun cua sé phirc

Ta 43 biét gia tri tuyét d6i cua sd thuc a la
khoang céch tir di€ém biéu dién a dén géc toa
d6 trén truc s6. DE thdy ring khoang cach tir M)

diém M biéu diénrs6 phic z = a + bi (a.b € R)

y1x

dén gé6c toa d6 O clia mit phang phic 1

lOM| = Va® + b* = J2z (h4.4),

DINH NGHIA 7

=Y

Moédun ctia s6 phiic z = a + bi (a, b € R) la s6 thuc khong am

Ja® + b va duge ki hieu 1a (2],
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Nhu vay

Néu z=a+ bi (a.beR)thiizlzx/Ezﬁa2+b2.

Vidu8. lil =1;1+2il=vV1+2? =5,

Nhdn xét

1) Néu z la s6 thuc thi modun cia z 14 gia tri tuyét d6i ctia s6 thuc déb.

2) z =0 khi va chi khi |z| = 0.

Vi du 9. Trong mat phang phiic, tap hop cdc diém biéu dién cic s6 phic z sao
cholzl=11a duong tron ban kinh 1 véi tAm tai gdc toa do.

Chimg minh rang |z| = |z} vei moi s6 phire z.
6. Phép chia cho sé phitc khac 0

Cho s6 phit z=a+bi (a, b € R) khéc 0. Chung minh ring s6

= 5 I ~(a-bi) = Lzz 14 s6 thod man zz~ ' = 1.
a“ +b |z|

DINH NGHIA 8

S6 nghich dao cia s6 pic z khac 01as6 z' = —%E )

||
)

Thuong 27 cta phép chia s6 phic z' cho 56 phic z khdc 0 1a

, L) 1 P 4 2, - > » ’ z [
tich cia z' véi s6 phitc nghich daocuaz, tircla — = z'z 1
Z

Nhur vay :
Néuz#0th — =22
i
CHUY
Do i=z—§=£; nén dé tinh = ta chi viéc nhéan ca tir s6 va
z z| 7z z

miu s6 véi z.
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Vidu 10
3-i_B-D0-D _2-4i _ | _, |
1+i (A+h0-n 2 ’

V242 (24202 +2) (V242 244020 14220
V2-2i (2-202+2i) 2+ 6 3 7
e

1

Nhin xét

. 1 P
1)V612¢0,tac6;=l.zl=z '

2) D& thdy rang thuong £z~ 12 s6 phitc w sao cho zw = z'. TU d6 c6 thé néi
phép chia (cho s6 phic khic 0) 12 phép toan ngugc ciia phép nhan.
Tim s6 phifc z thod man (1 +2i)z =3z —1i.

Cau haéi va bai 1ap

Cho cdc s6 phic
2435 14+20 52 -4
a) Biéu dién cdc s6 d6 trong miat phang phic.
b) Viét s6 phic lién hop cia méi s6 d6 va biéu dién ching trong mit
phéng phic.
c) Viét s6 d6i clia méi s6 phitc do va biéu dién chiing trong mat phing phite.
Xdc dinh phin thuc va phin a0 cha moi s6 sau :
)i+ (2-4i)—(3-2); b) (V2 +3i)% ;
¢) 2+ 3)(Q2 - 3i) ; A iR -DHB + )
Xac dinh cic s6 phic bidu dién bdi cic dinh cha mot luc gidc déu c6 tam 1a
g6c toa do O trong mat phang phifc, biét ring mét dinh biéu dién s6 i .

Thuc hién phép tinh
1 1 3-2 34
2 _ 3i » 1 \/5 ' ’ [ L] 4 _ i
2772
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Cho z = —% + —\/251'.

Hay tinh : % c T2 (E)3 14z + 22

Ching minh rang :

a) Phin thyc cta s6 phic z bing %(z + Z), phin do cla s6 phiic z bing
2=

b) S6 phtc z 1a s6 ao khi vachikhi z =-7 ;

¢) V6i moi s6 phic z, Z', ta ¢6 z+z'=z+;, 22" =7.z',vanéu z 20 thi
(3]

F4 z

Chitng minh ring véi moi s6 nguyén m > 0, ta c6

‘-4"( =1 : i4m+1 :i . i4m+2 =—1 : I-4m+3 — _i.

Ching minh ring :
a) Néu vecto i cha mat phang phic bi€u dién s phic z thi 46 dai cla vecto
i 1a lal = 2|, va tir 46 néu cac diém A, A, theo thd tr biéu dién céc s6 phic

|2z
b) Véi moi s6 phuc z, z', taco lzz' =|zllz] vakhi z # 0 thi " =W L

z

¢) V&i moi s6 phic z, Z', ta cé lz + 27 < Izl + |21.
Xéc dinh tap hop cic di€ém trong mat phang phic biéu dién cic s6 phuc z
thod man timg diéu kién sau :
z—1i
zZ+1

aylz—il=1; b) =1; - old=17-3+4il

Luyén tap

10. Chimg minh ring véi moi s6 phic z # 1, ta cé
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11.

12.

13.

14.

15.

16.

Hbi mdi s6 sau day 1a s6 thuc hay s 3o (z 14 s6 phic tuy ¥ cho trude sao cho
biéu thic xdc dinh) ?
= 2 _\2
SRCTR s S
2 +(2) 1+ 2z

Xac dinh tap hop c4c diém trong mat phang phuc biéu dién cic s6 phic z
thoa man timg diéu kién sau :
a) 22 1 sO thiye am ; b) 2% las6 do;

c) 22 =(7)? ; d) 1 12 s6 4o.

Z—1

Tim nghiém phiic ciia cic phuo’ng trinh sau :

a)iz+2—-1=0; b) 2+3)z=z-1;
)2-NDz2-4=0; dDGz-DEz+3)(7Z-2+30)=0;
e) 22 + 4 =0.

a) Cho s6 phitc z = x + yi (x, y € R). Khi z # i, hdy tim phdn thuc va phin

zZ+1

z—1

a0 ctia s6 phic

b) X4c dinh tap hop cic diém trong mat phang phitc biéu dién cédc s6 phic z
tho min diéu kién i * ; 12 56 thuc duong.

a) Trong miat phing phitc, cho ba diém A, B, C khéng thang hang theo thy tu
biéu dién céc s6 phic z;, z,, z;. Hoi trong tam cha tam gidc ABC biéu dién
s6 phic nao ?
b) Xét ba diém A, B, C ciia mat phéng phiic theo thd tu bidu dién ba s& phic
phan biét z, z,, zy thod man |z;| = |z,| = |z|.
Chiing minh ring A, B, C 1a ba dinh clia mot tam gidc déu khi va chi khi

zZp+ 2y +23=0. "
D6 vui. Trong mat phing phidc cho cic di€m : O (géc toa do), A biéu dién
s6 1, B biéu dién s6 phuc z khong thirc, A’ bi€u dién s6 phic z' # 0 va B' biéu
dién s6 phiic zz'.
Hai tam gidc OAB, OA'B’ c6 phai 1a hai tam gidc ddng dang khéng ?
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S

CAN BAC HAI CUA S6 PHIIC
VA PHUONG TRINH BAC HAI

1. Can bac hai cia sé phirc

192

DINH NGHIA

Cho s6 phitc w. M@i s6 phic z thod man z° = w duogc goi [a
mot can bac hai cia w.

N6i cach khac, mbi can bac hai cha w 1a mot nghiém cia phuong trinh

22 —w =0 (Vi 4n 2).
C6 thé tim can bac hai cha 'sé phitc w nhu sau :

a) Trudng hop w la so thue
Dé thdy rang cin bac hai cia 01a 0.

Xét s6 thuc w=a =0,

Khia >0 thi z2 —a = (z — Ja)(z + Va). Do d6, z> — a = 0 khi va chi khi
z=+a hoidc z = —Ja. Vay a cé hai can bac hai 1a Ja va —a.

Khia<Othi 2> —a = (z = v=a i)z + V—=a i). Do 86, z> — a = 0 khi va chi
khi z=+/-ai hoic z==v-ai. Vay a c6 hai can bac hai Ia J-ai va —J-ai.
Vi du 1. Hai can bac hai cia -1 1aiva —i.

Hai can bac hai cha —a® (a1 s6 thue khdc 0) 12 ai va —ai.
b) Truong hogpw=a + bi (a,b e R),b# 0
z=x+ yi (x,y € R) 12 can bac hai ciia w khi va chi khi z% = w, tic 12

(x+ yi)2 = a + bi.



Do (x + yi)* = x2 — y* + 2xyi nén z> = w khi va chi khi
x> -y’ =a
{2xy =b.
Viy dé tim cdc can bic hai ciaw = a + bi ta cdn gidi hé phuong trinh nay.

Maéi cip s6 thue (x ; y) nghiém ding hé phuong trinh d6 cho ta mot can bac
hai x + yi cia s6 phic a + bi.
Vidu2

a) Tim cdc can béc hai ciia —5 + 124, tigc 1a tim cic s6 phitc x + yi (x, y € R)
sao cho (x + yi)2 = —5 + 12/ nén ta can giai h¢ phuong trinh

X2 —yt=-5

2xy =12.

Phuong trinh thit hai cho y = 12 = g, thay vao phuong trinh thif nhét, ta c6 :

2x
36
x2——2=—5 x+5x2-36=0 x*=4
x © 6 & 6
6 y=— y=-=
)’=; X X

Hé nay c6 hai nghiém (2 ; 3) ; (-2 ; -3).
Vay c6 hai can bac hai caa -5 + 12i 12 2 + 3/ va -2 - 3i.

b) Tim cdc can bac hai cha i tirc 1a tim x+yi (x, y € R) sao cho
(x+y)? =i nén ta cin giai hé phuong trinh

x* - y2 =0

2xy = 1.

Dé thay n6 c6 hai nghiém [% : Tz]’ (—g ;- l/.;z—J

Vay i ¢4 hai can béc hai 13 i%(l +1).
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e Mot cach téng quat, c6 thé ching minh ring

* S6 0 c6 diing m6t can bac hai 12 0.

* Méi s6 phic khiac 0 ¢6 hai cdn bac hai 13 hai s6 d6i nhau
(khdc 0).

Dic biét, s6 thuc g duong ¢6 hai cin bac hai 1a Ja va —a ;
s6 thuc a 4m cd'hai can bic hai 12 J-ai va —J-ai.

[H1] Bist mot can béc hai cia w; 1a z, vA mét can bac hai clia wy 18 z,. Hay tim
tat ca cac can béc hai clia wyw,.

2. Phuong trinh bac hai
Nho tinh duge can bac hai clia s6 phitc, dé thdy moi phuong trinh bac hai
A2 +Bz+C =0 (1)
trong d6 A, B, C 1a nhitng s& phuc, (A # 0) déu c6 hai nghiém phic (c6 thé

tring nhau). Viéc giai phuong trinh d6é dugc tién hanh tuong tu nhu trong
trudng hap A, B, C 1a nhing s6 thyc. Cu thé [a :

Xét biét thic A = B — 4AC.
* Néu A = 0 thi phuong trinh (1) cé hai nghiém phan biét

, _-B+46 , _-B-9¢
724 7727 24
trong d6 & 12 mdt can bac hai cia A.

* Néu A = 0 thi phuong trinh (1) cé nghiém kép
B

zl 222 :—-—ﬂ—.

biac biét, khi A 1a s6 thyc duong thi hai nghiém cla phuong trinh (1) la

- _B_ v e . . Ly
b4 =——82+A A, 2y =———2A 4 ; khi A 1a s6 thuc am thi hai nghiém cua
. . —B+N-Ai -B - J-Ai
‘ phuong trinh (1) 1a z, = — 34 =y
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Vidu 3

a) Phuong trinh z2 — z + 1 =0 c6 biét thic A =~ 3 nén 16 ¢6 hai nghiém

e fis
phan biét 1a 1—2 31

b) Phuong trinh z2 + (=2 + i)z — 2i = 0 c6 biét thic
A=(=2+0) +8 =3+ 4i=2+i)>
nén né c6 hai nghiém la

zl=%[2—z’+(2+i)]=2v:‘azz=%[2—i—(2+i)]=—i.

[H2] Xet phuong trinh béc hai
A2 + Bz+C=0

trong do A, B, C la nhimg s8 thuc, A # 0. Chimg minh réng néu zy € C la mét
nghiém cua phuong trinh thi Z, cdng /& mét nghiém cda né.

CHUY
Trén ddy, ta da thdy moi phuong trinh bac hai (v6i h¢ s6 phiic) c6

hai nghiém phiic (c6 thé tring nhau). Hon nita, ngudi ta con chimg
minh duge ring moi phuong trinh bac n

A"+ A L+ A 2+ A =0
(trong d6 n la mot s6 nguyén duong, Ay, A, .., A, 1a n+1s6
phic cho truée, Ay # 0) ludn c6 n nghiém phitc (khoéng nhat thiét
phan biét).
Tinh chét quan trong ndy cta tap hop cic s6 phirc 13 noi dung cia
mot dinh 1 goi 14 Pinh li co bdn cia dai so.

Céu hoi va bai tap

17. Tim c4c can bic hai cia méi s6 phiic sau :
— ;4 ;-4; l+4«/§i.
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18‘
19.

20.
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Chimg minh ring néu z 13 mot can bac hai chia s6 phitc w thi |z = /iw|.
Tim nghiém phic cta cic phuong trinh bic hai sau :

a) 22:z+1;
b) 22 4+2z2+45=0;
)22 +(1-3)z—-2(0+i)=0.

Chi y : C6 thé€ ding may tinh bé tii dé tim nghiém (gin diing) cha phuong
trinh bac hai véi hé s§ thyuc ngay ca khi nghiém cia né khong phai 1 sd thuc.
Ching han, ding mdy tinh bd tdi CASIO fx-500MS dé giai phuong trinh
x* —6x+ 58 =0 thin

IMODE| [MODE| 1 [MODE] 2 (dé vao chuong trinh giai phuong trinh bac
hai), 4n ti€p

1 El -6 El 58 (dé dua vao cic hé s6 cia phuong trinh) ; 4n tiép

E! : trén man hinh hién x1 =3 ; 4n tiép

[SHIFT| |Re «> Im| : trén man hinh hi¢n x1= 7., (diéu d6 c6 nghia 1
nghiem thtt nhat 1a 3 + 7i) ; 4n tiép
El : trén man hinh hién x2 =3 ; 4n tiép

ISHIFT| [Re ©> Im] : trén man hinh hién x2 = -7.;, (diéu d6 c6 nghia 1a
nghiém tnt hai la 3 - 7i).

(Thl_l’(’: ra, chi cdn biét nghiém thit nhat 1a 3 + 7i thi da suy ra ngay nghiém thu
hai1a 3+ 7i = 3 - 7i).

a) Hoi cong thiac Vi-ét vé phuong trinh bac hai v6i hé s6 thue cé con ding cho
phuong trinh bac hai véi hé sé phic khong ? Vi sao ?

b) Tim hai s6 phdc, biét t6ng cha chiing bing 4 — i va tich clia ching bang
51 -9).

¢) C6 phai moi phuong trinh bac hai z° + Bz + C =0 (B, C 12 hai s6 phifc)
nhan hai nghiém la hai s8 phic lién hgp khong thuc phai ¢6 cac hé s6 B, C la
hai s6 thuc ? Vi sao ? Diéu nguoc lai ¢6 ding khong ?



21. a) Giai phuong trinh sau :
(2% +i)z? =2iz-1) =0,

b) Tim s6 phic B dé phuong trinh bac hai 2 +Bz+3i=0 ¢ tdng binh
phuong hai nghiém bang 8.

22. Do vui. Mot hoc sinh ki hiéu mot can bac hai cia -1 1la J-1 va tinh
\/—_1\/—_1 nhu sau :
a) Theo dinh nghia can bac hai ciia —1 thi v=1.v/=1 = -1,

b) Theo tinh chét clia can béc hai (tich cha hai can bac hai cua hai s6 bing can
bac hai cua tich hai s6 d6) thi

Vo1 A1 = J=) (=) = V1 =1.

Tt d6, hoc sinh dd suy ra —1 = 1.

Hay tim diéu sai trong 14p luan trén.

0 4
Sz

VAI NET LICH SU PHAT TRIEN SO PHUC

TU Jau, ngudi ta da bi€t cong thlc nghiém cda phuong trinh bac hai

ax> +bx+c=0 (a#0).

Hbi 6 chang cdng thifc nghiém clia phuong trinh bac ba
ad bl vex+d=0 (@a=0)

(chi diing phép tinh cdng, trit, nhan, chia, 18y can

trén cac hé sdé) ?

Pén thé ki XV, Cacdand (G. Cardano, 1501 - 1576,

ngudi Y) tim ra mét céng thifc nhu thé ; nhung du a,

b, c, d la nhing s6 thyc va chi nhadm tim nghiém
thuc, cdng thirc van dé cap dén sé phurc.

Chéng han, véi phuong trinh x> + px+¢ =0 (p, g 12 Giﬁ:o';"’j‘;;’;""
hai s6 thuc cho trudc) thi cdng thiic nghiém c6 dang
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AT

Cu thé 1a goi & la mot can bac hai cla q_+ 27 , ldy u,v sao cho u —-%+§
3_ 9 s __bp s . e 5 3 _
v _—5—5 (ma uv-——g) thi x =u+v la mét nghiém cla x” + px+¢g = 0.
23
Néu 24— + > < 0 thi ta g3p can bac hai & clia s6 thuc &m nhung két qua ¥ + v c6
thé van 12 sé thuc.
# P
Vi du, v8i phuong trinh x> —15x—4=0 thi —+”— ~121 1y S=11i thi

27

'—%+5=2+11i=(2+i)3;—1-5:2—111':(2—1')3. Vay ldy u=2+i,
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v= 2—t[uv 5~—§] thi «+v =4 la mét nghiém cla phuong trinh X3 -15x-4=0.

Tuy céng thifc nghiém phuong trinh bac ba mang tén Cac-da-né nhung thuc ra,
Tac-ta-gli-a (N. Tartaglia, 1499 - 1557, ngudi Y) da tim dudc 18i gidi nhiéu kiéu
phuang trinh bac ba va tiét |6 phuang phap gidi cho Cac-da-né. Nhés d6 Cac-da-nd
tim ra 19i gidi t8ng quat va cong bé né vao nam 1545. Mot hoc tré clia Cac-da-nd la
Fe-ra-ri (L. Ferrari, 1522 ~ 1565, ngudi Y) tim ra cach gidi phuong trinh bac bdn bing
cach dua vé gidi mét phuong trinh bac ba.

Viéc cac nha toan hoc Y tao bao dlng cac biéu thic chita nhing s& dang con cé vé
bi 4n (s8 40) d& dén duoc két qua thuc ddn da cing lam cho céc nha todn hoc chap
nhan s dung ki hiéu a+ bJ-1 (a, b 12 hai s8 thyc) khi gidi phuong trinh bac hai,
bac ba, bac bén trong thé ki XVII.

Sang dau thé& ki XVIIl, Moa-vra (A. De Moivre, 1667 — 1754, ngudi Anh) tim dudc méi
lién quan giita can clla s6 phc véi luong gidc. Nam 1746, Da-lam-be (J. D'Alembert,
1717 — 1783, ngudi Phap) dua ra chiing minh dau tién dinh Ii co ban cla dai s6. C-le
(L. Euler, 1707 - 1783, ngudi Thuy Si) cling nghién citu van dé nay va chinh O-le d3
dung ki hidu i & chi don vi 40. Gau-xo (C. Gauss, 1777 - 1855, ngudi Bic) dua ra
ching minh @8y dd dinh Ii cad ban clia dai s6 vao nam 1799,

Dén thé ki XiX, li thuydt ham sé bién s6 phitc dugc phat trién manh (nhimg ngusi
déng gop 16n 1a Co-si (A.L. Cauchy, 1789 — 1857, ngudi Phap), Ri-man (B. Riemann,
1826 - 1866, nguoi Dlrc), ...). Ngay nay s8 phirc xuét hién trong nhiéu nghién ciu
toan hoc, vat li, khoa hgc, ki thuét.



Luyén tap

23. Tim nghiém phiic cia phuong trinh z + % = k trong céc truong hgp sau :

a)k=1; b) k=42 c) k=2i.
24, Giai cic phuong trinh sau trén C (tdc 1a tim nghiém phic cta cic phuong trinh

d6) va biéu dién hinh hoc tap hop cic nghiém cta mdi phuong trinh (trong
mat phing phiic) :

a)z +1=0; ~ bzt -1=0;
o)zt +4=0; dy8z* +82 =z + 1.
25. a) Tim cic s6 thuc b, ¢ dé phrong trinh (v6i 4n z)
22 tbz+c=0
nhan z =1 + i lam modt nghiém.
b) Tim céc s6 thuc a, b, ¢ dé phuong trinh (véi 4n z)
D tat+bz+c=0
nhan z =1 + i lam nghiém va ciing nhin z = 2 lam nghiém.

26. a) Dung céng thitc coéng trong luong gidc dé€ ching minh ring véi moi s6
thuc ¢, ta cd

(cos@ + isin go)2 = CoS2¢ + isin2¢p.

Tu 86 hdy tim moi can bac hai cha s6 phic cos2¢ + isin2¢. Hay so sdnh
cdch gidi nay vdi cach gidi trong bai hoc & §2.

b) Tim céc can bac hai cta g(l — i) bing hai cdch néi & cau a).
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DANG LUONG GIAC CUA SO PHUC VA
UNG DUNG

e

1. Sé phitc dudi dang luong gidc

a) Acgumen cua s6 phic z = 0

DINH NGHIA 1

Cho s6 phl.’I.C z#0. Goi M 1a diém trong mat phing phiic biéu
dién s6 z. S6 do (radian) cia mbi géc lugng gidc tia dau Ox, tia
cudi OM dugce goi 1a mot acgumen cua z .

CHUY YA
Néu ¢ la mét acgumen

cia z (h4.5) thi moi
acgumen cua z c6 dang

@+ k2n, k € Z. (Nguoi M(z)
ta thudng néi : Acgumen @ s
cua z#0 xédc dinh sai 0 X
khic k2m, k € Z).
Hinh 4.5
Vidu 1 (h.4.6). yo
a) SO thyc duong tuy y c6 mot acgumen P

la 0.
b) S6 thuc am tuy ¥ c6 mot acgumen

- /E(l+i)

¢) Céc s6 3i, —2i va 1+ i theo thif t B2 9 aw x
T n b1

6 mot la -, — —. -2i) 4

c6 moét acgumen la A va 7 D(=2i)

Hinh 4.6
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Nhdn xét

Hai s6 phitc z va Iz (v6i z#0 vallasé
thuc duong) cé acgumen sai khic
k2n,k € Z,vi cic diém biu dién cla
chiing cung thudc mét tia géc O (h.4.7). N(iz)

M(2)
Eﬂ Biét s6 phirc z = 0 c6 mét acgumen 13 . /

Hay tim mét acgumen cta mébi s6 phifc sau : 5 -

Y

—.l 5 l_
—z,z,—z,z(déyrangz—

7).

N
Ny —

Hinh 4.7

b) Dang luong giiac cua sé phirc 1

Xétsophic z=a+ bi #0 (a,b e R). M(a + bi)

Ki hiéu r la moédun cia z va ¢ la mot '
acgumen cua z (h.4.8) thi d& thdy ring : z '

a=rcosg, b=rsing. 4 L
Vay z = a + bi # 0 c6 thé viét duéi dang
z = r(cos¢@ + isin ).

Hinh 4.8
Ta céd

DINH NGHIA 2

Dang z =r(cos@ + ising), trong d6 r > 0, dugc goi la dang
lugng giac cia s6 phite z # 0. Condang z=a + bi (g, b € R)

duge goi 1a dang dai s6 cva s6 phuic z.

Nhdn xét. D€ tim-dang luong gidc r(cos¢ + ising) cia s phic z = a + bi
(a, b € R) khic O cho trudc, ta cén :

1) Tim r :d6 1a moédun cta z, r = Va® + b> 6 r d6 cling 12 khoang ciach
tir gdc O dén diém M bi€u dién s6 z trong mat phang phifc.

2) Tim ¢ : d6 la mot acgumen cua z; ¢ la s& thuc sao cho cosg = % va
sing = g ; 80 @ 406 cling 1a s6 do mot goc luong gidc tia dau Ox, tia cubi OM.
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Vidu 2

a) S8 2 c6 modun bing 2, ¢6 mét acgumen bang 0 nén né c6 dang luong gidc
2(cos0 + isin0) ;

b) S6 —2 ¢6 médun bang 2, ¢ mdt acgumen bang m nén nd cd dang luong

gidc 2(cosm +isinm) ;

c) S6 i ¢6 modun bing 1, ¢6 mot acgumen béang g nén nd c6 dang lugng
idc cos= + isin ;

g 3 5

d) S6 1 + i ¢6 modun bing 2 , c6 mét acgumen béng % nén né c6 dang

lugng gidc \/5 [cos% +isin %] ;

e) S 1- J3i ¢6 médun bang \/12 + (\/’5)2 = 2, ¢6 mot acgumen la ¢ sao

3 ..
cho cosg = %, sing = —2\/: Lay ¢ = ~% thi

=)ol (3]
1-3i = 2[5 —1= 2[005 -3 + isin ~3) 1
CHU Y
1) Izl =1 khi va chi khi z = cos@ + ising (p € R).
2) Khi z =0 thi |zl = » = 0 nhumg acgumen ctia z khéng xic dinh
(d6i khi coi acgumen cia O 1a s§ thuc tuy § va van viét
0 =0(cosp + ising)).
3) Can dé y doi hoi r > 0 trong dang luong gidc r(cos@ + ising) cla
sO phitc z = 0.
Vidu3
a) SO phitc —(cos @ + isin @) c6 dang lugng gidc 1a
cos(@ + m) + isin(ep + m).
b) S6 phitc cosg — ising c6 dang lugng gidc la
cos(—@) + isin(—g).

1
@ Cho z = r(cose + ising) (r > 0), tim mbédun va mét acqumen cla —, tir do
z

suy ra dang lugng giac coa -l—
z



2. Nhan va chia sé phic duéi dang luong gidc

Ta da bi€t cong thitc nhan va chia s6 phic dudi dang dai s6. Sau day 1a dinh Ii
néu 1én céng thitc nhin va chia s6 phiic duéi dang lugng giic ; ching cho cic
quy téc tinh todn don gian vé nhan va chia s6 phiec.

DINH Lf

Néu z = r(cosg + ising),
z'=r'(cosp' + ising") (r=0,r" 20),

thi zz' = rr'[cos(@ + @") + isin(p + @")],

r

-z; =_7 [cos(¢p' — @) + isin(¢p’ — @)] (khi r > 0).

N6i mot cach khac, dé nhan céc s6 phirc duéi dang lugng gidc, ta 1y tich cac
moédun va téng cdc acgumen ; dé chia cdc s6 phic dudi dang lugng gisc ta 14y
thuong cdc modun va hiéu cac acgumen.

Chitng minh

zz' = [r(cos¢@ + ising)] [r'(cos@' + ising")}

= rr'[cos@cos@’ — sin@sing' + i(singcosp' + cospsing')]
= rr'[cos(@ + ¢') + isin(e + @)

Mat khéc, ta c6 1 = %[cos () + isin(—@)]. Theo cong thic nhan sé phic,
Zz
ta co
z

17 . L
Z—z ;—r[cos(q) ) + isin(@p' — @)l O

Vidu4. Taco 1+i= \E[cosg—drisin—;[—]

va \/—3- +i= 2[cos—g- + isin—g—],

o iRl g)mls-3)
2

pIf .. T
5 CoOS— + lSlﬂ—-‘].

12 12
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Nhdn xét. Néu thuc hién phép chia trong vi du 4 duéi dang dai s, ta dugc
S l[1 +B+B- l)z'] nén tir két qua trén suy ra
Vi 4

1

n_20+V3) . om_2(3-1

%12 2 "y 4

3. Cong thic Moa-.vm (Moivre) va img dung

204

a) Cong thirc Moa-vro

Tir cong thitc nhan s& phiic dudi dang luong gidc, bing
quy nap todn hoc dé dang suy ra rang v6i moi s6
nguyén duong n,

[r(cos@ + isin@)]" = r" (cosn@ + isinngp)

vakhi r =1, tacé

(cos@ + isin@)" = cosng + isinng.

A. De Moivre =t ot gl .
(1667 — 1754) Ca hai cong thitc d6 déu dugc goi la cong thite Moa-vro.

5
Vidu5. (1+i) = [ﬁ(cosi + isjnﬂ-ﬂ

- 4
oy 5 Sn ks _5_1'_!
= (JE) (cosTJrzsm 4]
P V2 .JEJ
n{E -1
= —4(1 +1i).

b) Ung dung vao lugng gidc ,

Cong thiic khai trién luy thira bac ba ctia nhi thic cos¢@ + ising cho ta

(cos@ + isin (0)3 = cos’ @+ 3cos’ @(ising) + 3cos@(isin q9)2 + (isin 4;0)3
= cos’ Q- 3cosgos'1n2 @ +i(3 cos® @sing — sin’ @)

Mat khéc, theo cong thirc Moa-vra,

(cos@ + isin .;9)3 = cos3¢p + isin3¢.



Tu d6 suy ra
cos3p = cos’ Q- 3cosqzasin2 Q= 4cos> @ — 3cos o,
sin3¢p = 3cos? @sing — sin’ @ = 3sing — 4sin’ 0.

Tuong ty, bing cdch déi chigu cong thic khai trién luy thira bac n cla nhi
thic cos¢ + ising v6i cong thiic Moa-vro, ¢6 thé biéu dién cosng va sinng
theo cac luy thira cia cos¢, sing.

¢) Can bac hai cuia sé phitc dudi dang luong giac

Tir cong thiic Moa-vro, dé thdy s8 phitic z = r(cos@ + ising), r > 0 c6 hai
can bac hai 1a

\ﬁ(cos% + isin%)

va —\/;(cos% + isin%) = \/;(cos(%’- + 1) + isin(% + n)].

Cau héi va bai tap

27. Hay tim dang luong giac cua cic s6 phic: z ; —z ; % s kz (ke R trong
méi trudng hgp sau :
a) z=r(cosp+ising) (r>0);
byz=1+3i

28. Viét cdc sd phic sau dudi dang lugng giac :

a)l—i\/§;1+i;(l-i\/§)(1+i) ;I#;

b) 2i(3 ~ i) ;

1

TR

d)z=sme +icosp (¢ € R).
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29,

30.

31.

Chi y. C6 thé dung mdy tinh bd tii dé chuyén d6i dang dai s6 véi dang
lugng gidc clia s& phitc z # 0. Chang han, dung mdy tinh bd tii CASIO
fx—500MS dé :

1) Déi tir dang dai 56 z = 1 + V3i thanh dang luong gidc z = r(cosg + ising)
thi (d4t & ch€ d6 "radian") 4n lién tiép

Pol( 1 , v 3 ) _= | : trén man hinh hjén 2
(tic 13 r = 2) ; &n tidp

RCL| | F |:trén man hinh hien F = 1,047197551 (tic la ¢ = l;-).

n
3
thi (dat & ché do "radian") 4n lién ti€p

2) Déi tir dang luong gidc z = 2(cos= + isin%) thanh dang dai s6 z = a + bi

SHIFT | | Rec( | 2 | lsaer | [ R || = | 3 | ) | [ =

trén man hinh hién 1 (titc 2 = 1) ; 4n tiép

"IRCL| | F |: uén man hinh hién F = 1,732050808 (tic 12 b =~ /3).

Ding cong thic khai trién nhj thic Niu-ton (1 + i)' va céng thic Moa-vro dé
tinh CYy —C% + Clhy — ...+ Cl8 - Cl8.

Goi M, M' 1a cic diém trong mat phang phitc theo thit tr biéu dién céc s6
z=3+i, 2= (3-3) + (1+33)i

L Z
a) Tinh —.
z
b) Chiing minh rang hiéu s6 acgumen cha z' v6i acgumen cla z 12 mot s& do

cta géc lugng gidc (OM, OM"). Tinh s6 do dé.

Cho cic s6 phitc w = g(l +i)yvag= %(—1 + i\,/g).

a) Chiing minh rang z; = cos—l% + isin%, 2] =248, Zp = 2052 12 cic nghiém

ctia phuong trinh 2> — w = 0.

b) Bi€u dién hinh hoc cic s phic z;, z), z,.
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32,

33.

34.

35,

Luyén tap

Sit dung cong thitc Moa-vro dé tinh sin4p va cos4g theo cdc luy thira cua
sing va cos .
Tinh
21
(3 -i)f; [_._'_]2004 . S_ﬂ_?i
’ bbb o ad ik bind
Cho s6 phitc w = ——;-(1 + ix/3). Tim céc s6 nguyén duong n dé w" 1a s6 thyc.

Hoi ¢6 chang mot s6 nguyén duong m dé w™ 1a 56 40 ?

Viét dang lugng gidc cua s6 phic z va cla cic can bac hai cia z cho mbi
truong hop sau :

a) |zl = 3 va mot acgumen cha iz 1a %’E -
z 31:

= — t -, - o
b) Iz| = va mot acgumen ctia 1+1 la oy

. Viét dgmg lugng gidc ca cdc s phic sau :

a)l*-itang«.; b)tan—SSE+:;

c)l—cosp—ising (pe R, p#k2n, k € Z).

CAN BAC n CUA SO PHUC

Tuong ty dinh nghia c&n bac hai clia s6 phiic, ta goi s& phiic z sao cho z" =w 1a
mot cdn bac n cla s8 phic w (n la sé nguyén cho trude, n > 1).

Ré rang chico métcanbac n cta w =0 1a 0. -
Khi w = 0, ta viét w duéi dang luong giac w = R(cos@ + isina), R > 0. Ta cén

tim z = r(cos@ + ising), (r>0)saocho z" = w.
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Theo cbng thirc Moa-vro, z” = w ¢6 nghia la
r" (cosng + isinng) = R(cosa + isina),

ticla r" = R va np = a + k2%, (k € Z).

_a+k2n

Tudé r = YR, o , tire 14

zZ= '\’fIE [co's(—oi+k—2£] + isin(£+@ﬂ.
n n n n

Lay £ =0,1,..., n — 1, tadudc n can blc » phéan biét cla w.

Vi du
» . T .. R - s )
S6 w =i= cos— + isin— ¢cb bacanbacbala y
2 2 B(z,) Az)
7, = cOSZ + isinl
! 6 6
1 :
=35GB+ 0 o
Zy = cos[E + E] + ‘sin[E + EEJ
2 6 3)TME T3
= %(—\/3 +i); Clz)
_ T 4n . (m 4mYy_ .. ,
3 = cos[g + Tj + zsm[g + ?] = -, Hinh 4.9

(trén hinh 4.9 c6 ba diém A, B, C theo thif tu biéu dién z;, z,, z3).

Chii ¥ : Nu w =0 thi cic cin bac n (n >3 cho truéc) clia w dudc biéu dién
trén mat phang phic bdi cac dinh cha mét n-giac déu ndi tiép dudng trén tam O ban

kinh Ylwl.

Cau hoi va bal 1ap én tap chuong IV

37. Tim phén thuc va phan 30 clia méi s6 phic sau :

a) 2 -3 ;
342 1-i
AT T

) (x +iy)? = 2(x +iy) + 5 (v, y € R). Véi x, y no thi s6 phitc d6 13 s6 thuc ?
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38.

39.

40.

41.

42.

Ching minh ring néu |z| = lw| = 1 thi s6

Z+ W
1+ zw
12 58 thuc (gia st 1 + zw = 0).

Giai cac phuong trinh sau trén C :
a) z+3-iY -6(z+3-i)+13=0;

. 2
iz+3 iz+3
b)[z—Zi] _32—21'—4_0’

0) (22 +1)? +(z + 3)% =0.

Xét cac s6 phitc
Zl:‘Jg’_i\/E, 22='_2_2.is Z3=—'

a) Viét z,, z,, z; dudi dang huong gidc.

N N In . . In
b) Tir cau a), hay tinh cosl—z— va sino-

Cho z = (6 + V2) + i(V6 - \/2).

a) Viét z? dudi dang gai s6 va dudi dang lugng gidc.

b) Tir cau a), hay suy ra dang lugng giac cua z.

a) Bang cach bi€u dién hinh hoc cdc s6 phic 2 + i va 3 + i, hdy chimg minh

s 1 | LA T
ring néu tana-pi, tanb-§ v&a,bé [O,EJt.hla+b—4.

b) Bing cdch bi€u dién hinh hoc c4c s6 phigc 2 +i,5 + i va 8 + i, hdy ching
minh ring néu tana =%,ta.nb=%, tam?:% Véi a, b, ¢ € [0;%] thi

n
+b+c=—.
a+b+c )
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Bai tap trdc nghiém khach quan

Trong mdi bai tdp dudi ddy, hdy chon mot phuong dn trong cdc phuong dn da

cho dé duoc khdng dinh diing.

43.+Phin thyc cia z = 2i 1a

(A)2; (B) 2i ; - (©0; D) 1.
44. Phindocta z=-2i 1a
(A)-2; (B) -2i; ©0; (D) -1.
45.56 z + 7 Ia |
(A) s6 thie ; (B) s0 4o ; ©0; D) 2.
46. S6 2 -7 la:
(A) s6 tinge ; (B) s6 30 ; G0, (D) 2i.
1 .
(A 1+1i; (B) -;-(1 —-i); O1-i; D) ..
48. Tap hgp cac nghiém cua phuong trinh z = . i ; la
(A){0;1-14}: (B)Y{0}; O -4, (D) {0, 1}.
49. Modun cha | — 2i bing
(A)3; ®) V5 ; ©)2; (D) L.
50. Médun ctta —2iz bang
(A) 2l;  ®V2z; (€) 2l ; (D) 2.
51. Acgumen ciia —1 + i bang
(A)%+k21c(keZ); B) —5 +k2n (ke Z);
n T
(C)Z+k21t ke i), D) —2-+k2n: k € Z).
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52. Néu acgumen cua z bang —% + k27 (k € Z) thi

(A) Phén 4o ciia z 12 s6 duong va phin thuc clia z bing O ;
(B) Phén 40 ctia z 12 s6 Am va phén thuc ciia z bing 0 ;
(C) Phén thuc cia z 1a s6 am va phén o ctia z bing 0 ;
(D) Phin thuc va phén 40 cta z déu 12 s6 Am.

53. Né&u z = cos¢ — ising thi acgumen cua z biang

(A) ¢+ k2n (k € Z); B) —p+k2n (ke Z);

O eo+n+k2n (ke Z); (D)¢+g+k2n (ke Z).
54. Néu z = —sing — icos¢g thi acgumen cla z bang

(A) ~% + 9+ k2m (k € Z); (B) -3 -@+k2n (ke D);

(C)g+¢+k21t (keZ); (D)n— @+ k2n (k € Z).

Cau hél va bai tap on tép cubl ndm

I- BAI TAP TU LUAN

1.

a) Chimg minh ring ham s6 flx) = €' — x — | d6ng bién trén nira khoang
[0 ; +o0).

b) Tir d6, suy ra -€" > x + 1 véi moi x > 0.

a) Khao sit su bién thién va vé dé thi ca ham s6 f(x) = 26 = 3¢ = 12x - 10.

b) Chimg minh rang phuong trinh 20 =32 - 12x - 10=0c6 nghiém thuc
duy nhat.

¢) Goi nghiém thuc duy nhét clia phuong trinh 1a a. Chiing minh rang 3,5 <a < 3.6.
Goi (C) 1a d6 thi cia ham s6 y = Inx va (D) 1a mét tiép tuyén bat ki caa (C).
Chimg minh ring trén khoang (0 ; +w), (C) ndm & phia duéi clta dudng
thing (D).
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10.

212

Mot xudng in c6 8 mdy in, méi mdy in dugc 3600 ban in trong mot gis. Chi
phi dé van hanh mét mdy trong médi ldn in 1a 50 nghin déng. Chi phi
cho n may chay trong mot giv 1a 10(6n + 10) nghin dong.

Hoi néu in 50000 t& quang c4o thi phai sir dung bao nhiéu may dé dugc i
nhiéu nhit ?

1

\J—x2+x+6

Tim gid tri 16n nhat va gid tri nhd nhat cia ham s6 f(x) = trén

doan [0; 1].

X

a) Cho P(x) =

va hai sd a, b thoa min a + b = 1. Hay tinh P(a) + P(b).

X

+2

1
logg 2—5logdg5
b) Hiy so sénh A = /18 vd B = [%]

a) Ching minh ring néu a va b 1a hai sé duong thoa min a’ + b* = Tab thi

atb 1
log; —— = 5(log7 a + log, b).

b) Biét a va b la hai s6 duong, a # | sao cho log,h = NC Hay tinh
log

Ya
a\/;ﬁ'

2tany

a) Tim dao ham cta cidc ham s6 y = cosx. e va y = log,(sinx).

b) Chimg minh réng ham s6 y = e* + 2¢™* thoa man heé thic y' =13y - 12y =0.
a) V& do6 thi clia cachaim s6y=2" y = (ﬁ)x vay =(~/§]x trén cling mot mat
phing toa d6. Hiy néu nhan xét vé vi tri tuong d6i clia ba dé thi dé.

b) VE d6 thi ham s6 y = logzx. Tir d6 hay suy ra d6 thi cia ham s6
y =2+ logyx va d6 thi cia ham s6 y = log;(x + 2).

Giai cac phuong trinh va hé phuong trinh sau :

a) 8157 % 4 81 = 30 ; b) log3[log21 x—3log, x+5] =2,
2 2



11.

12.

13.

14.

15,

16.

17.

2°87Y =242,

c) 4logx+l _ 6logx _ 2.3logx2+2 =0 d) \/-
lo l-!-l—llo %y)
Boy T2 T2 R

Tim t4p xdc dinh cua cdc ham s6 sau :
a)y = log[l - log()c2 -5x +16)] ;

b)y = \loggs(—x* +x+6) +

¥ +2x

Tim nguyén ham cha méi ham sd sau :

a)y=x3(1 +x4)3; b) y = cosx sin 2x ; c)y=

COS2 X

Tim ham s6 f, biét ring f'(x) = 8sin {x + r} va f(0)=

Tinh céc tich phan sau :

!
a)

. -

1
c) Ixzexdx.
X~ +1

x +x+1 0

Tinh dién tich cic hinh phang gidi han bdi cdc dudng

a) y+x2 =Ow‘3y+3x2 =2

b)y>—4x=4 vi dx—y=16.

a) Cho hinh thang cong A giéi han bdi d6 thi him s6 y = &*, truc hoanh va cdc

dudng thing x = 0 va x = 1. Tinh thé tich cda khdi tron xoay tao dugc khi
quay A quanh truc hoanh.

b) Cho hinh phing B gidi han boi parabol y = x* + 1 vi dudng thing y = 2.
Tinh thé tich khéi tron xoay tao dugc khi quay B quanh truc tung.

Cho céc s6 phic z; = 1 + i, 2z, = 1 —2i. Hay tinh va biéu dién hinh hoc céc
s6 phirc :
- .,z
212 32120522y — 25, 212y VA z=2
1
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18. Tinh:

& (Vi) -(B-i) b (V3 +i) +(B-i) ;
. \3 V3 + )’
O (ei) -5 s

19. a) Xdc dinh phin thuc ciia s6 phuc } biétring [z |=1vaz = 1.

b) Chuing minh ring néu ;+: lasGaothi|z|=1.

20. X4c dinh tap hop c4c diém M trén mat phing phic bi€u dién cic s6 phic
(1+iV3)z+2,trongdé|z—1[<2.

21. Tim c4c cin bac hai cha méi s6 phiic :
“B+6i ; 3+4i va 1-242i.
22. Gidi cdc phuong trinh sau trén C :
a) 22—3z+3+i=0;
b) 2% - (cos@ + ising)z + isingcosg = 0,
trong d6 ¢ la s6 thuc cho trude.
5
;8 V3 +i
iV [( )

23. Tinh | —— .
[1+l\/§ l—l'\/i)“

II - BAI TAP TRAC NGHIEM KHACH QUAN

Trong méi bai tdp dwoi ddy, hdy chon mot phuong dn trong cdc phutong dn da
cho dé duoc khdng dinh ding.

lx “2x243x+1

24. Ham s6 f(x) = 3
(A) Dong bién trén mdi khodng (—o0 ; 1) va (3 ; +0) ;
(B) Nghich bién trén méi khoang (—wo ; 1) va (3 ; +o) ;
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25,

26.

27.

29.

30.

(C) Déng bién trén khodng (—o ; 1) va nghich bién trén khoang (3 ; +0) ;
(D) Nghich bién trén khoang (—co ; 1) va déng bién trén khoang (3 ; +o0).
Ham s6 f (x) = sin® x — 2sinx c6 gi4 tri nho nhat 1a

1 1
(A) ~5 B) 0; © -1; (D) -3

Goi (€) 12 d6 thi cha ham s6 y = ¥ x? + x . Khi 6

(A) Pudng thing y = x + 1 1a tiém cin xién ctia (€) (khi x > +o) ;
(B) Puong thing y = x + % 12 tiém cAn xién coa (%) (khi x — +0) ;
(C) Pudng thing y = —x 1 tiém can xién cia (€) (khi x — +00) ;
(D) D6 thi (¢) khong c6 tiém can xién (khi x — +o0).

D6 thi cita ham s6 y = x° — x + 1 tiép xuic tai diém (1 ; 1) v6i

(A) Parabol y = 2% -1; (B) Parabol y=x2;
(C) Parabol y = —x* + 2x; (D) Dudng thing y = 2x + 1.
. Cho hai s6 duong a va b. Dat X = 1n“;b va Y= w.mﬁdé
(A)X >Y; B) X<V,
OX2Y; D) X<V
a+b a b
Cho hai s6 khong Amava b. Pat X =e 2 va ¥ =2 2e .Khi d6
(A)X >Y; ' B) X<7Y;
©X2>7Y; D) X< Y.

Cho (%) 12 d6 thi cia ham s6 y = log,x. Ta ¢4 thé suy ra dé thi cliia ham s6
y = log,2(x + 3) bang cach tinh tién (%) theo vecto

AV =@ 1); B v =03;-1);

O vV=(3:1 D)y v =(3;-1.
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31. Cho ham s8 f(x) = logs(x* +1). Khi d6

(A) £1(1) = 115 ®) £ =

3

1.
In5 "’
© FW =5z (D)fa)_i

32. Biét ring d6 thi cha ham s6 y = @* va d6 thi chia ham s6 y = log,x cit nhau tai

diém (V27 ; V2). Khi d6

(A) a>1vab>1; B)a>1val<b<];
(C) 0<a<lvab>1; (D)0<a<lval<b<].
33. Cho ham 6 f(x)—zx 3 Khi d6
.X
2 3 2% 3
&) [feodr=Z--=+¢; B) [fedr="-+=+C;
. 3 3 . _2x3 3
(©) If(x)dx—Zx -2+C; (D) jf(x)dx-?+5}-+c.
34. Dang thirc
a
Icos(x + az)dx = gina
0
Xay ra néu
Aa=m; (B)a=n ;
(© a=3n ; (Dya= V2x.

35. Goi S1a tap hop 14t ca céc s6 nguyén duong k thod man diéu kién

jlnfdx <e—2.
P r '

Khi d6
(A)S= {1}; B)S=(2};
©)S={1;2}; (D)S=@2.
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36. Cho s6 phic z tuy y. Xét cic s6 phic o = 2 +(@)? va PB=7Z+i(z-72).
Khi d6
(A) a2 s6 thuc, fla s thuc ;

(B) 12 54 thuc, Slasé ao;
(C) ala s6 30, Fla s6 thuc ;

(D) 12 58 ao, A1 s6 ao.
37. Cho s6 phiic tuy ¥ z # 1. Xét céc s6 phic
a=imm_j—z2+ﬁfvéﬂ=
z-1
Khi d6
(A) ala s6 thuce, fla sé thuc ;

(C) ala s6 ao, Fla s6 thuc ;

23

@47,
z—1

(B) alas6 thiuc, 12 s6 do ;

(D) a1a s6 ao, £1a s6 do.
38. Néu modun cua s6 phidc z bang 7 (r > 0) thi médun cha sé phite (1 — 022 bang
(A) 4r; (B) 2r;
© 2 ; D).
I 18 - GTI2-NC-A
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HUGNG DAN GIAl, DAP SO CAC BAI TAP

CHUONG 1

4.a<0.5.-2<a<2 10. a) 18000 ngudi va

22000 ngudsi 1 b) £1(t) = —20 . 1>0;
(t+5)

¢) e Nam 1990 : 0,192 ; « Nam 2008 : 0,065 ;
o Nam 1996. 11.a) yop = f(-3) = -

Yer = f(=D = —% ; b) Ham s6 khéng c6 cyc
tl'i;C) Yo :f(_l):_z vYer =f(1)=2
d} yep = f(-D)=1:yg =f(0)=0

2 13
ZE VY =f =17

e) yep = f(-D = 5"

=f0)=-3; Yy =f2)=1

12.2) yopr = Y(—2) = =2 : yop = ¥(N2) =2
b) yep = ¥(0) = 242 ;

D yeo

C) Yep = y[-g+lm]

n T
yﬂ'_y[g+kn)—g-7+2+kﬂ:,
d) yor = ylkm) = 2( - coskm) ;
2r 1
d = +— =4—-
Yen )’(—3+2knj 42
13.a=-2,b=3,c=0,d=0.14.a=3,h=0,
1
=4, 16. =1" mi -
¢ rpeaugf(x)  min f(x) = 5

17.a); max f(x)=10; min f(x)=-6

xe[~=2:3] x€|-2,3)

1

b) max flx)=-4; xerln_ir}m fl) = —55 ;

Ye(—4: 0]
¢y min f(x)=2 ;d) max f(x)=4
x>0 xe[2: 4]

218

. ) 2.
,er'[‘z’f’4,f(x) =—4 ;e) ,E}é‘ﬁ]f(x) =373
.zgilgr;ll} f(x) 2 0 mg-le f(X) Y

3
18. =3 :miny=-—;
2 maxy R’ T 772

b) maxy = 5—- ;

miny = 3l
xeR 6 xeky 2-

19. BM = 3. Khi d6 dién tich hinh chit nbat 1

S:‘/85 2. 20.n =12 (con ch).

1
28 yor = D=5 yep = fD =

B ver = 1(~3) =63 1) yep = @ =5
d) Ham s6 khong ¢6 cuc tri. 22. m > 0.

23, 20mg ; d6 giam huyét 4p nhiéu nhit 1a 100.
24.M(-1:1); AM = /5. 25.9 km/h.

26. a) 375 ngudi/ngay : b) ngay tha 15 ;

675 ngudi/ngdy ; ¢) Tu ngay thit 11 dén ngay
thit 19 ; d) Ham s6 f ddng bién trén [0 ; 25].

27.2) max Vv3-2x=3; mm «,l3 2x =1 ;

xe—l

b) ax ) =242, in | £x) =<2

o _ 11

c) ’_I‘E"“,i‘f(")‘3*§“;{,‘f(x)' 7
d) rlnax f(x)-—+f; min f(X)=—§

=-3] -]

28. Hinh vuéng c6 canh dai 10 cm.
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3
29a)1[3--l -Jx:)“z Y = 2x2
4\ 8 )l vY ] > =
YEITR
x=X+1
b)l[l;—l)‘ 7Y =1x?;
2 y=Y = 2
2
x—X+1
LY TR L e
c)I(8 16]' L, 1,Y——4X ;
y = +g
&) I{0;-5); X Y =2X°
y=Y-5
=X+1
30.270;:-1):b Ty xdlax
y=Y-1
x=X-=-2
¢)y=-3x+2. 31 ' ;sz-l—:
y=Y+2 X
32.2) I{1;1); b) I(-1;3).
=X+ .
33. X xO;Y:aX+~‘—.
y=Y+y0 X
. . 2 .
34. a) Tiém can ding : x=—-3— ; tiém can

1 .
ngang: _v=§ ;b)x=-3;y=-2;¢) Tiém can
Xién: y=x+2;tiémcandimg:x=3;

" | .
d) Tiém can ding x = —5; tiém can xién:

;e)le;x=-—1;y=0;f)x:—l;

Al

Ny =

ST

v = 0. 35, a) Tiém can diing : x = 0 ; tiém can
xign:v=x-3:b)x=0;x=2;y=x+2;

c)x:l,.r=—1,_v=x;d)x=—];x:%;

.
y:—g ; 36, a) vy = x (khi x - +o), y = ~x

{(khi x > —©) ; b) y = 3¢ (khi x —> +oc), y = x (khi
x> —o6);c)y=2r (khix 5 +x): y=0(khix - —m);

1
dy=x+ 5 (khi x 5+®),

y:—x-% (khi x — —o0).

37. a) y = 2x (khi x = +o0);

y=0(khix > -}

b) y=x—2 (khix > +®©);
y=-x+2{(khix > -o);

c) y=x (khix —> +mw) ;
y=—x (khi x & -0);

d) x=lLx=-1,y=1.

x=X+3

yv=Y+4;

5 2
Y=X - - I(— N ;Y:X——-—;
c) A 39.a) I(-2 ; -3) e

3. a)x=3;y=x+1,;b)I3;4), {

b)Y I(5;52); Y=X+%. 40.b) y = ~3x - 5.

41.b) e m<-1hoac m> 3: | nghiém ;
e m=—] hoac m =3 : 2 nghiém ;
e -1 <m<3:3 nghiém.

8.0yt o 7

LA S
337 3 33 3

45.b) e m < -2hoacm>2: 1 nghiém
o m=-2hoacm=12:2nghiém ;
» 2 <m<2:3nghiém.

46. a)m<—1,2<m<3. m>3. 48.aym>0;

b) y 4 + 13 va v 4 X+ 13
j = ——— - X m———— 74 ) = ——ma ] —_—
. 3 3 ti
53.b) y = 3 X —E,C) V= -Zx+—-2~~
54. b) B4 thi cna ham s6 v = -1 + —--:—:1— ta
.

hinh d61 xing cua (7‘[) qua truc hoanh,

55. b) y=3(x-2). 56. b) Gur nguyén phan
clia (¢) ndm phia trén truc hodnh va ldy ddi
xing phin cha (¢) nim phia dudi truc hoanh
qua truc hoanh.,
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57. b) Hai giao diém : A(0; 1), B[—%;%} :
c) Dudng thing y = 1 1a ti€p tuyén chung cha

(€) va (P) tai A ; phuong trinh tiép tuyén cia

(€)va(P) tai B, theo thit ty, 1a y = ——;—x+%

va y:—2x+%

; d) Tren (—oo - —j (€)
nim phia dusi () ; trén (—% ; o) va (0 ; +0)
(¢ ) nim phia rén P).

§8.b)em<Ohoicm>12;em<0.

60.0(0;0);y=%x

2 .
61. Tiép diém : [gt;(l)la 20 (- cot a)]

63.c)m<-3hoac-3<m<0,
64.a)a=-2;b=-3,

65.b) m < 4 — 246 hoac m > 4+ 246 ;

c) Phin cta duong thing y=35x-2, v6i

J6 V6

x(l—T 1+T 660 —6 b=

NI\o

67. 1° a) T(x) = 0,0001x> + 0,2x + 10000 ;

10000

b) M(x) = 0,0001x + +0,2; x = 10000

(cudn) ; 2°. b) 573 <.x < 17427 ; ¢) 9000 (cubn) ;

71 triéu déng, 70. r = ,, —,,‘W

71. Do dai hai canh con lai déu 1a S5cm.

73.2)p<0.74.b) y=-3x+1;c) m> -3

1
75.8)m=9, m—§-
78. b) Giao difm cira (P) va (H) 11 A(0; 1) ;

220

¢) Trén (—o ; —1) va (0 ; +o), (P) nim phia trén

(H) ; tren (-1 0), (P) nam phia dusi (H).

80. (B) 81.(C) 82, (D) 83.(D) 84.(A) 85.(O)
86. (B) 87.(A) 88.(C) 89.(D) 90.(B) 91.(C)
92. (A) 93.(D)94. (B) 95.(C) 96. (B)
97. (D) 98.(A) 99.(C) 100. (D).

CHUGONG 11

1. a) Sai ; b) Diing ; ¢) Sai ; d) Sai.
25 12

2.biéukienC.3.2,;36; — ; —.

bidukien C. 3.2 ; 36 TR

80 116
4,32) — :b) —
3) 27 16

S.a)ab ;b) 2a.

6.a)3./§>\/5 ;b)\/§+'~‘/§5>3/-6_3:
C)\S/?+\/l—5'<x/170+\3/5§.

T.HD : T+ 5J2 = (1+V2)%.
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In tai Cong ty C& phan In Céng Doan Viét Nam, 167 Tay Son,
Bong Ba, HANBI. Sb in: 77. S6 xuét ban: 01-2010/CXB/758-
1485/GD. In xong va ndp Iuu chiéu thang 1 ndm 2010.



. VUONG MIEN KIM CUONG

HUAN CHUONG HO CHI MINH CHAT LUGONG Qubc TE

—_— ——

SACH GIAO KHOA LOP 12

1. TOAN HOC 7.DIALI12
« GIAI TiCH 12 8. TIN HOC 12
« HINH HOC 12 9. CONG NGHE 12
2. VAT LI 12 10. GIAQ DUC CONG DAN 12
3. HOA HOC 12 11. GIAO DUC QUOC PHONG - AN NINH 12
4. SINH HOC 12 12. NGOAI NGU
5. NGU VAN 12 (tap mot, tap hai) « TIENG ANH 12 TIENG PHAP 12
6. LICH SUr 12 « TIENG NGA 12 « TIENG TRUNG QUOC 12

SACH GIAO KHOA LOP 12 - NANG CAO
Ban Khoa hoc Tu nhién : « TOAN HOC (GIAI TICH 12, HINH HOC 12)
o VAT LI 12 « HOA HOC 12 ¢ SINH HOC 12
Ban Khoa hoc Xa hoi va Nhan van :  « NGU VAN 12 (tap mét, tap hai)
« LICHSU 12« DIA LI 12
« NGOAI NGU (TIENG ANH 12, TIENG PHAP 12,
TIENG NGA 12, TIENG TRUNG QUGC 12)

L

8193498000758 GD: Gia: 9.400d





